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Chapter 4

Difference Equations,
Reccurence Equations

Difference equations, also called reccurence equations, are equations where we seek sequences
that ”solve” an equation of a special type. We will deal only with linear difference equations,
and linear difference equations with constant coefficients into more details.

4.1 Linear Difference Equations

4.1.1 Sequences. A sequence is a mapping from the set of all integers greater or equal to
an integer ng into the set of all real numbers. Hence

{@ngys Ang+1,Ang+2,---+ where a; € R.
Note that in most cases ng = 0 or ng = 1, but this does not need to be always true.

4.1.2 Linear Difference Equations. Let ¢;(n), ¢ € {0,...,k — 1}, be functions Z — R,
co(n) not identically zero, and let {b,}72, be a sequence. Then the equation

Antk + ch—1(n) anyr—1 + ch—2(n) Gnyr—2+ ...+ c1(n) anp1 + co(n) an = by, n >ng (4.1)

is called a linear difference equation of order k (also a linear reccurence equation of order k).

Functions c¢;(n) are called coefficients of the equation, the sequence {b,};Z,,, the right-
hand side of the equation.

If {bn}5Z,, is the zero sequence (i.e. b, = 0 for all n > ng) then we speak about
homogeneous equation, otherwise the equation is called non-homogeneous.

We can write a linear difference equation [4.1]in the following form:
k—1
Ap+k + Zcz(n) An4i = bny n > ng.
1=0
4.1.3 Remark. In some literature, the above linear difference equation can be written
k
an, + Z ci(n) an—i = bp—k.
i=1

4.1.4 Solutions of Linear Difference Equations. A solution of a linear difference
equation is any sequence {u,}n>, such that if we substitute u, for a, in we obtain
a statement that is valid.
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4.1.5 Initial Conditions. Let
Gpik + C—1(N) @nak—1 + ck—2(n) apngk—2 + ...+ c1(n) apny1 + co(n) ap = by, n > ng
be a linear difference equation of order k. By initial conditions we mean the following system
Uny = Ao, Ang+1 = A1, -+, Gngth—1 = Ak—1, (4.2)

where A; are real numbers.

If for a solution {an};'f:no of a difference equation we have a,, = Ao, any+1 = A1,
ooy Gngyk—1 = Ap_1, then we say that {a,}5>,, is the solution of satisfying the initial
conditions [[-3

4.1.6 The Associated Homogeneous Equation. Given a linear difference equation
Anik + ck—1(n) Gpig—1 + ck—2(n) anik—2+ ...+ c1(n) ant1 + co(n) an = by, n > ng. (4.3)
Then the equation
Anik + ck—1(n) Gpip—1 + ck—2(n) apyk—2+ ...+ c1(n) apnt1 + co(n)ap, =0, n > ng. (4.4)

is called the associated homogeneous equation to the equation

4.1.7 Proposition. Given a linear difference equation Then the following holds:

L If {untpe,, and {v,};2,, are two solutions of the equation then {u,}oZ,, —
{vn}nL,, is a solution of the associated homogeneous equation

2. If {un }72,,, is asolution of .3{and {w,, }72,,, is a solution of the associated homogeneous
equation then {u,}52,,, +{w,}52,, is a solution of the equation

3. Let {@,}52,,, be a fixed solution of the equation Then for every solution {v, }52,,
of [4.3] there exists a solution solution {wy};2,, of the associated homogeneous equation
4.4 for which

{on}nZne = {lntnZn, +{wn}nln,-
Indeed, we have {v,}32,, = {@}320, + ({va}iln, — {0175%0)-

4.1.8 Remark. According to the proposition above, to find any solution of it suffices
to find one solution of [£.3] and all solutions of the associated homogeneous equation [£.4]
Therefore, we will be interested in solutions of homogeneous equations first.

4.1.9 Theorem. Given a homogeneous linear difference equation [£:4] Then for the set S
of all solutions the following holds:

1. If {u,} and {v, }52,, belong to S then so does {un}oZ . + {vn}n

o0
n=ngo n=ng"’
2. If {un };2,,, belongs to S and « is any real number, then {ku,};2, belongs to S as

well.

In other words, S is a linear space over R, a subspace of the linear space containing all
real sequences.
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4.2 Linear Difference Equations with Constant Coeffi-
cients

We will concentrate on solving linear difference equations of special type — those for which
the coefficients ¢;(n) are all constant functions. A general linear difference equation with
constant coefficients is

Aptk + Ch—1 Gngk—1 + Ch—2 Gppk—2 + ...+ ClLApgp1 +Coan =bp, n>ng, ¢; ER,  (4.5)
and its associated homogeneous equation
Anik + Ck—1Qnik—1+ Ck—20nik—2+ ...+ C1any1 + coan =0, n > no. (4.6)

Note that both and holds also for solutions of linear difference equation with
constant coefficients.

4.2.1 The Characteristic Equation. Consider equation Assume that its solution
has the form a,, = A™ for some real number A. Then substitutingn it into [4.6] we get

ANVFRE e ARl e AP g\ = 0.
If we cancel the equation above by A" we get
MNopo M e f+e=0. (4.7)

The equation [£.7)is called the characteristic equation of[{.6 Any X satisfying[4.7]leads to
one solution a, = {\"}72,, .

Moreover, for distinct A1, A2 the corresponding solutions are linearly independent.

4.2.2 Real Roots of the Characteristic Equation. If ) is a root of the characteristic
equation [.7] of multiplicity ¢ then the following are linearly independent solutions of

{)‘n}%ozov {Tl )\n}%ozo, {n2 )\n}zo:m e {ntil /\n};.Lo:O'

4.2.3 Complex Roots of the Characteristic Equation. Assume that the characteristic
equation has a complex root A = a +1b (then it has also a root a —1b). Then

{(a+10)"}720 and {(a —1b)"};%,

are complex solutions of

Let us write the complex numbers above in their geometric form. Then
a+1b=r(cosp+1singp) and a —1b=r(cosp —1singp).

Moreover, (a +10)™ = r™(cosny + 1 sinny) and (a —1b)™ = r™(cosnp — 1 sinnyp). Since any
linear combination of solutions of [£.0] is again a solution, we have

{r" cosnp}el, and {r"sinnp}o,
are lienarly independent solutions of [£.6]
If moreover a +1b is a root of multiplicity ¢ then
{r" cosnplo,, {nr"cosnp}y, ..., {n" 1" cosnplo,

and
{r"sinnp},>q, {nr’sinnplo,, ..., {n'~1r"sin neted o

are 2t linearly independent solutions of [£.6}
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