Week 10
Difference Equations
Discrete Math

Marie Demlova
http://math.fel.cvut.cz/en/people/demlova

April 21, 2022

Marie Demlaova: Discrete Math



Difference Equations, Recursive Equations Linear Difference Equations with Constant Coefficients

Difference Equations, Recursive Equations

Sequences.

A sequence is a mapping from the set of all integers greater or
equal to an integer ng into the set of all real numbers. Hence

{anys @ng+1; ang+2,---} Where a; € R.

Linear Difference Equations.

Let ¢i(n), i € {0,..., k — 1}, be functions Z — R, ¢p(n) not
identically zero, and let {b,}72,, be a sequence. Then the
equation

ant+k + Ck,l(n) antk—1+ ...+ Cl(n) an+1 + Co(n) an = b, N> ng

is a linear difference equation of order k (also a linear recursive
equation of order k).
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Functions c;j(n) are coefficients of the equation, the sequence
{bn}Zn, the right-hand side of the equation.

If {bn}52,, is the zero sequence then we speak about homogeneous
equation, otherwise the equation is non-homogeneous.

We write a linear difference equation also
k—1

antk + Z ci(n) anti = bn, n > no.
i—0
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Solutions of Linear Difference Equations.

A solution of a linear difference equation is any sequence {u,}32
such that if we substitute u, for a, in it we obtain a statement
that is valid.

Initial Conditions.

Given a linear difference equation of order k

antk + ck—1(n) anyk—1 + ...+ c1(n) any1 + co(n) an = by, n > ng

By initial conditions we mean the following system
ano - A07 an0+1 - A17 ey an0+k71 = Ak*l)

where A; are real numbers.
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The Associated Homogeneous Equation.

Given a linear difference equation

anik + ck—1(n) apsk—1+ ...+ ci(n) ant1 + co(n) an = bn, n > no.
Then the equation

antk + ck—1(n) apyk—1+ ...+ ca(n)ant1 + co(n)a, =0, n > no.
is the associated homogeneous equation to the equation above.
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Proposition.
Given a linear difference equation. Then the following holds:

L If {un}ps,, and {v,}o2,, are two solutions of non
homogeneous equation then {u,}72, — {va}pZ,, is a solution
of the associated homogeneous equation.

2. If {un}i2,, is a solution of non homogeneous equation and
{wn}p,, is a solution of the associated homogeneous
equation, then {u,}52, + {w,}32,, is a solution of non
homogeneous equation.

3. Let {dn}p2,, be a fixed solution of the non homogeneous
equation. Then for every solution {v,}72, of it there exists a
solution solution {w,};2 , of the associated homogeneous
equation for which

{Vn}zo:no = {ﬁn}zozno + {Wn}zozno'
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Theorem.
Given a homogeneous linear difference equation. Then for the set
S of all solutions the following holds:
L If {un}pe,, and {vh}o2,, belong to S then so does
{un}%ozng + {Vn}%ozno‘
2. If {un}p,, belongs to S and «a is any real number, then
{k up}pl,, belongs to S as well.
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The difference equation

anyk + Ck—1antk—1+ ...+ Clans1+can= by, n>ng, ¢; €R,
i.e. coefficients ¢;(n) are constant functions, is difference equation
with constance coefficients.

Characteristic equation of the equation above is

Ak + Ckfl)\k_l +...4+aX+c=0.
Any ) satisfying characteristic equation leads to one solution

an — {)\H}OO

n=ngp"*
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Real roots of characteristic equation.

If X is a root of the characteristic equation of multiplicity t then
the following are linearly independent solutions of its homogeneous

equation

{)\n rorozoa {n/\n 2107 {n2 >‘n}20:07"'7{nt71 /\n}gozo‘
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Complex roots of characteristic equation.

If \=a+1bis a complex root of the characteristic equation of
multiplicity t then the following are linearly independent complex
solutions of its homogeneous equation

{(a+1b)"};2y and {(a—1b)"}72,
and the following real solutions

{r"cosnp} o and {r"sinnp}iZ,
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Exercise 1.
Given a group (Zj;,-,1). Find the order of 2. Is 2 a generating
element? Write down (2) in Zj,.

Exercise 2.
Given a group (Zj;,-,1). Find all its generating elements.
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Exercise 3.
Given a group (Z3;,-,1). Find all its subgroups.

Exercise 4.
Given a group (Zj,,-,1).

a) Write down all its elements.

b) Find orders r(a) for all its elements.
c) Is the group a cyclic group?
d) Find all its subgroups.
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Exercise 5.
Solve the following difference equation

5a, = api1 +6a,.1, n>1, a1 =9a =21. (1)

Exercise 6.
Solve the following difference equation

apn=-2nap_1+3n(n—1)a,—2, ap=1,a1 =2 (2)

using the substitution a, = n! bj,.
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Exercise 7.
The Fibonacci sequence satisfies

Fn+2:Fn+1+Fn7FO:0,F1:1‘ (3)
Find the formula for F,.

Exercise 8.
Solve the following difference equation

5ap, = ap41 +6ap-1, n>1, a3 =9,a, =21.
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