ODE and num. math.: ODE — linear equations [lectures] pHabala 2022

DEN: ODE — theoretical view: linear equations

Definition.

By a linear ordinary differential equation of order n (LODE) we mean any ODE of the form
Y™ 4 a1 (2)y Y 4+ ay(2)y + ao(x)y = b(x),

where a,,_1,...,ag,b are some functions.

This equation is called homogeneous if b(x) = 0.

Given a linear ODE 4™ +a,_1(x)y™ Y +... + a1 (2)y + ao(x)y = b(x), by its associated homoge-

neous equation we mean the equation 3™ + a,_1(2)y™ V) + ... + a1 (z)y + ag(x)y = 0.

Theorem. (on existence and uniqueness for LODE)

Consider a linear ODE y™ 4 a,, _1(2)y™ ™Y + ... + a1 (2)y' + ao(x)y = b(z). (L)
If an_1,...,a0,b are continuous on an open interval I, then for all xg € I and yo,y1,... ,yn—1 € IR
there exists a solution to the IVP (L), y(zo) = yo, ¥’ (z0) = y1, ..., ¥ Y (z0) = yp_1 on I and it is

unique there.

Theorem. (on structure of solution set of homogeneous LODE)

Consider a homogeneous linear ODE ™ + a,,_1(z)y"~Y 4+ ... 4+ a1 (2)y’ + ap(x)y = 0.

If a; are continuous on an open interval I, then the set of all solutions of this equation on I is a linear
space of dimension n.

Definition.

Consider a homogeneous linear ODE 4™ + a,,_1(z)y» Y 4 ... + a1 (2)y’ + ao(z)y = 0. Assume that
a; are continuous on an open interval I.

By a fundamental system of solutions of this equation on I we mean any basis of the space of all
solutions of this equation on I.

Definition.
Let y1, ya, ..., yn be (n — 1)-times differentiable functions. We define their Wronskian as
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Theorem.

Consider a homogeneous linear ODE 3™ + a,,_1(2)y™ D + ... 4+ a1 (z)y’ + ao(z)y = 0,
where a; are continuous on an open interval 1.
Let y1, yo2, ..., yn be solutions of this equation on I, let W be their Wronskian.
These functions form a linearly independent set (and thus a fundamental system)
if and only if W(z) # 0 on I, which is
if and only if there exists W (xg) # 0 for some z( € I.

Definition.

By a linear ODE with constant coefficients we mean any linear ODE for which ag(z) = ao,
ai(x) =ay, ..., ap—1(x) = a,—_1 are constant functions.

Definition.

Consider a homogeneous linear ODE with constant coefficients
y™ +an_ 1y + .+ ay +agy = 0.
We define its characteristic polynomial as p(A) = A" + a, 1 A" ! + ...+ a1\ + ao.
We define its characteristic equation as p(\) = 0. The solutions of this equation are called charac-
teristic numbers or eigenvalues of the given ODE.
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Fact.
Consider a homogeneous linear ODE with constant coefficients
y™ + a1y Y + L+ a1y + agy = 0.
Let Ao be its characteristic number. Then y(x) = €% is a solution of this equation.
If A1,..., Ay are distinct characteristic numbers of this equation, then {e*?®,... e*¥*} is a linearly
independent set of solutions.

Fact.
Consider a homogeneous linear ODE with constant coefficients
y™ +an_ 1y + .+ ay + agy = 0.
Let )\ be its characteristic number with multiplicity m. Then e?o®, xero® . = gm—lelow

of this equation and they form a linearly independent set.

are solutions

Theorem. (on fundamental system for LODE)
Consider a homogeneous linear ODE with constant coefficients

y™ + a1y Y 4+ ary + agy =0.
Let A be its characteristic number of multiplicity m.
(1) If A = a € IR, then e®®, e, ... 2™ 1e®® are solutions of the associated homogeneous equation
on IR and they are linearly independent.
(2)If XN =axpBi €O, # 0, then e*® cos(Bz), xe*® cos(Bx), ..., 2™ e cos(Bz), e**sin(Bz),
e sin(Bz), ..., 2™ Le*® sin(Bz) are solutions of the associated homogeneous equation on IR and
they are linearly independent.
(3) The set of functions from (1) and (2) for all characteristic numbers is linearly independent and it
forms a fundamental system of the given equation on IR.

Theorem. (on structure of solution set of linear ODE)

Let y, be some particular solution of a given linear ODE on an open interval 1.

A function yg is a solution of this equation on I if and only if yo = y, + y5, for some solution y;, of the
associated homogeneous equation on I.

Consequently, if y,, is a general solution of the associated homogeneous equation on I, then y, 4+ yy, is a
general solution of the given equation.

Theorem. (on guessing a solution for special right hand-side)

Consider a linear ODE with constant coefficients ™ +a,,_1y" =Y +...+a1y/ +aoy = b(x). Assume that
b(x) = e**[P(x) cos(fx) + Q(z) sin(Bx)] for some polynomials P, @, denote d = max(deg(P),deg(q)).
Let m be the multiplicity of the number A = « 4+ (7 as a characteristic number of the associated
homogeneous equation (we put m = 0 if it is not a char. no. at all).

Then there are polynomials P Q of degree at most d such that

y(x) = 2™ [P(x) cos(fz) + Q(x) sin(fx)]

is a solution of the given equation on IR.
This is called the method of undetermined coefficients.

Simpler forms of incomplete right hand-sides:

o b(z) = P(z) = y(z) =a™P(x ), Where m is the multiplicity of A = 0;

o b(z) = P(x)e*® = y(x) = 2™ P(x)e™®, where m is the multiplicity of A = a;

o b(z) = P(z)cos(Bz) + Q(a)sin(Bz) = y(x) = z™[P(z) cos(Bxz) + Q(z) sin(Bz)], where m is the
multiplicity of A = fi.
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Theorem. (superposition principle)

Consider a linear ODE with left hand-side L(y) = 5™ + an_1(2)y™ Y + ... + a1(z)y’ + ag(x)y.
Let y1 be a solution of L(y) = bi(x) on an open interval I and y, be a solution of L(y) = ba(x) on I.
Then y; + ys is a solution of L(y) = by(x) + ba(x) on I.

Algorithm (variation of parameter method for solving LODE).

Given: equation y™ + a,_1y™ ™V + ... + a1y’ + agy = b(z).

1. Using characteristic numbers, find a general solution y; of the associated homogeneous equation. It
has the form yp,(z) = ¢1 - ui(z) + ...+ cpn - up(x).

2. Variation of parameter: Seek a solution of the form y(x) = c1(x) - ui () + ... + cn(2) - up(x).
Unknown functions ¢;(z) are found by solving the system of equations

Solve for ¢(x), integrating them you get ¢;(x), substitut these into y(z) = > ¢;(x)u;(x).

3. If you take for each ¢;(x) one particular antiderivative, then you get one particular solution y,(x),
the general solution is then y = vy, + ys.

If you include “4+C” when deriving ¢;(z), then after substituting them into y(x) = > ¢;(x)u;(z) you get
the general solution.



