ODE and num. math.: ODE — systems of equations [lectures] pHabala 2022

DEN: ODE — theoretical view: systems of equations
Definition.
By a system of linear ODEs of order 1 with constant coefficients we mean a system of the form

Yp = anyr + a12y2 + - - + a1nYn + b1 ()
yé = a91Y1 + a22Y2 + + -+ + A2n,Yn + b2(x)

y; = 0n1Y1 + an2Y2 +---+ AnnYn + bn<x)

where b;(x) are right hand-sides, a;; € IR are coefficients.

An Initial Value Problem (IVP) or Cauchy problem for such a system has initial conditions
y1(z0) = Y10, ¥2(20) = Y20, -+, Yn(T0) = Yn.0-

The system is called homogeneous if b;(z) =0 foralli =1,... ,n.

Fact.
Every system of n linear ODEs of order 1 can be transformed via elimination to one linear ODE of order
n.

Every system of n linear ODEs of order n; can be transformed via elimination to one linear ODE of
order Y n,.

Theorem. (on existence and uniqueness for systems)

Consider a system of linear ODEs of order 1.

If b;(z) are continuous on an open interval I, then for every zo € I and all y1 9, y2,0,--- ,Yn,0 € IR there
exists a solution of the corresponding IVP on [ and it is unique.

Fact.
Every linear ODE of order n (and every system of linear ODEs with sum of orders n) can be equivalently
transformed to a system of n linear ODEs of order 1.

A system

/

Y1 = anyi + ai2y2 + - + a1pYn + b1(x)

/

Yo = 21Y1 + @22y + - - + a2nyn + b2 ()

y;b = Un1Y1 + an2y2 + -+ appYn + bn(x)

can be written as §’ = A7+ b(x),

a1 ... Qip
where A = : : is the matrix of the system,
Ap1 -  Gpp
by (x) y1(z) Y1
b(z) = is the vector of RHS, and y(x) = is the unknown, then ' = [ :
bn () Yn () Yn
0
The system is homogeneous if b= 0, where 0 = |
0

nxl1
Initital conditions are ¢(zo) = %o.
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Theorem. (on structure of solution set for homogeneous systems)
Consider a homogeneous system of linear ODEs ¢’ = Ay, where A € IR"*". The set of all solutions of
this system on some open interval I is a linear space of dimension n.

Definition.

Consider a homogeneous system of linear ODEs ¢’/ = Ay, where A € IR™*™.

By a fundamental system of solutions of this system on an open interval I we mean any basis of
the space of its solutions on I.

If {#1,...,¥n} is a fundamental system of solutions, then we define its fundamental matrix on I by
Y(z)=(g1(x) -+ gn(x)) (an n x n matrix).
Fact.

Consider a homogeneous system of linear ODEs ¢’ = Ajj, where A € IR™*™. If Y (x) is its fundamental
matrix on I, then a general solution of this system on I is 4, (x) = Y (z) - ¢ for ¢ € IR".

Theorem.

Consider a homogeneous system of linear ODEs ¢’ = Ay, where A € IR™*".

Let ¥1,...,9y, be solutions of this system on an open interval I.

{#h,...,Un} is a fundamental system of solutions of this system on I if and only if det(Y (x)) # 0 on I,
which is true if and only if det(Y (xo)) # 0 for some zg € I.

Definition.

Let A € IR™*™ be a matrix.

A number \) is called an eigenvalues of A if there exists a non-zero vector Z € IR™ such that AZ = A\Z.
Vectors & with this property are then called eigenvectors of A associated with (corresponding to) the
eigenvalue \.

Theorem.

Consider a homogeneous system of linear ODEs ¢’ = Ay with matrix A € IR™*"™.

If Ao is an eigenvalue of A with associated eigenvector ¥, then i = ¥e’? is a solution of the given system
on IR.

If Aq,..., \; are distinct eigenvalues of the matrix A, then the corresponding solutions form a linearly
independent set.

Fact.

Consider a homogeneous system of linear ODEs ¢’ = Ay with matrix A € IR"*™. Let A9 be an
eigenvalue of A with associated eigenvector .

If \g is a complex number, that is, Im()\g) # 0, then Re(7e**?) and Im(#e*0*) are linearly independent
solutions of the given system on IR.
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Fact.
Consider a homogeneous system of linear ODEs ¢’ = Ay with matrix A € IR"*™. Let Ao be an
eigenvalue of A of multiplicity m with associated eigenvector .
Consider vectors defined as follows:
U =7,
U is a solution of (A — \gE},)
U3 is a solution of (A — Ao Ey,)

U is a solution of (A — N Ep)Z = Upp—1.
Then the following functions are solutions of the given system on IR and form a linearly independent
set:

y=te

g: |:/ Ul d.r‘i_/UQ]e)\O (,D‘lx_'_,ﬁé)e)\ox,

s [/ B+ ) do o+ 957 = (§1® o+ B + 55N
y= ((m;_l)gﬁﬂ +( 2),7)290 2+---+17m,133+17m)e’\0m.

Theorem. (on structure of solution set for systems)

Consider a system of linear ODEs ¢’ = Ay + l;(x) Let ¢, be some solution of this system on I.

Then g, is another solution of this system on I if and only if %y = ¥, + ¥ for some solution %j, of the
system 3/’ = Ay on I.

Thus, if ¥, is a general solution of the associated homogeneous system on I, then 4, + ¥, is a general
solution of the given system on I.

Algorithm (variation of parameters method).
Given: a system i’ = Ay + 5(:6)
1. Find a general solution 7}, of the associated homogeneous system ¢’ = Ay
yin(z) = crur(z) + cavi(z) + - - -,
Y2h = -,
Ynn(T) = crup(z) + covp(x) + ...
2. a) Row variation: We seek solution of the form
y1(z) = c1(z)ur(x) + ca(z)v(x) + . . .,

yn(z) = c1(x)up(z) + c2(x)vy(z) + .. ..
Unknown functions ¢;(z) are found by solving the system of equations

i (x)ur(x) + ch(x)vi () + ... = by (x),

A (@)un () + (x)va () + ... = by (z).
From here determine (using e.g. elimination or Cramer rule)
ci(x),...,c (z), integrating them one gets ¢1(z),... ,c,(x).
Substitute these into modified y1,... ,y, to get yip, ..., Ynp-

The general solution is y; = yip + Yin-

—

b) Vector variation: We write the homogeneous solutions as g5 = Y (x) - €.
We seek solution of the form y = Y (x) - ¢(x).

Solve the equation Y (z) - & (z) = b(z) for &'(z) = Y (z) " 'b(z).
Integrating by rows get ¢(x) and substitute into y( ) Y(x) - &(x).
This yields %), the general solution is then ¥ = ¥, + 9.



ODE and num. math.: ODE — systems of equations [lectures] pHabala 2022

Definition.

Assume that the constant function gs(t) = 7o is a stationary solution of the system ¢’ = F'(¢,%). That
is, the point g is its equilibrium.

We say that this stationary solution is (asymptotically) stable if there is t; € IR and § > 0 so that
every solution (t) such that ||7(T) — 7s(T)|| < ¢ for some T > t5 must necessarily exist on (7', 00) and
converges to o as t — oo.

We say that y/; is unstable if it is not stable.

Theorem.

Consider some homogeneous system of linear differential equations ¢’ = Ay with constant coefficients.
If all eigenvalues of A have negative real parts, then the equilibrium 3y = 0 is asymptotically stable.
Otherwise it is unstable.

Definition.
Let ¢(t), t € I be a solution to some system of differential equations. We define the orbit of this solution

as the set
{y(t) e R™; t € I}.
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