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DEN: ODE–transforms

Definition.
Let a ∈ IR.

By a power series with center a we mean any series of the form
∞∑
k=0

ak(x− a)k,

where ak ∈ IR and x is a variable.

Theorem.

Let
∞∑
k=0

ak(x− a)k be a power series.

There exists a number r ∈ IR+
0 ∪ {∞} such that the series converges absolutely for |x− a| < r

and diverges for |x− a| > r.

This number is called the radius of convergence of this series.
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Definition.

Consider a function f and a power series
∞∑
k=0

ak(x− a)k.

We say that the series
∞∑
k=0

ak(x− a)k converges to f uniformly on an interval I if

for every ε > 0 there is n0 ∈ IN such that

∣∣∣f(x)−
N∑

k=0

ak(x− a)k
∣∣∣ < ε for x ∈ I

whenever N ≥ n0.

Fact.

Let f be a function such that there is a power series with center a and r > 0 so that f(x) =
∞∑
k=0

ak(x−a)k

on Ur(a). Then for every k ∈ IN0 we also have

ak =
f (k)(a)

k!
.

Definition.
Let a function f have derivatives of all orders at a point a.
We define its Taylor series with center a as

∞∑
k=0

f (k)(a)

k!
(x− a)k.

Finding such a series is called expanding the given function into a power/Taylor series (with
center a).
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Theorem.
Let a function f have derivatives of all orders on some neighborhood Ur(a) with r > 0. If there exists

M > 0 such that |f (k)(x)| ≤ M for all k ∈ IN0 and x ∈ Ur(a), then f(x) =
∞∑
k=0

f (k)(a)

k!
(x − a)k on

x ∈ Ur(a).

Fact.

1

1− x
=
∞∑
k=0

xk = 1 + x+ x2 + x3 + x4 + . . . , x ∈ (−1, 1);

ex =
∞∑
k=0

xk

k!
= 1 + x+

x2

2!
+
x3

3!
+
x4

4!
+ . . . , x ∈ IR;

sin(x) =

∞∑
k=0

(−1)k
x2k+1

(2k + 1)!
= x− x3

3!
+
x5

5!
− x7

7!
+ . . . , x ∈ IR;

cos(x) =
∞∑
k=0

(−1)k
x2k

(2k)!
= 1− x2

2!
+
x4

4!
− x6

6!
+ . . . , x ∈ IR;

ln(1 + x) =

∞∑
k=1

(−1)k+1x
k

k
= x− x2

2
+
x3

3
− x4

4
+ . . . , x ∈ (−1, 1].
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Theorem.

Let a ∈ IR, assume that power series
∞∑
k=0

ak(x − a)k = f(x),
∞∑
k=0

bk(x − a)k = g(x) have radii of

convergence rf and rg.
(i) For all a, b ∈ IR we have

af(x) + bg(x) = a
( ∞∑
k=0

ak(x− a)k
)

+ b
( ∞∑
k=0

bk(x− a)k
)

=
∞∑
k=0

(aak + bbk)(x− a)k

and this series has radius of convergence r = min(rf , rg).

(ii) We have

f(x) · g(x) =
( ∞∑
k=0

ak(x− a)k
)
·
( ∞∑
k=0

bk(x− a)k
)

=
∞∑
k=0

( k∑
i=0

aibk−i

)
(x− a)k

and this series has radius of convergence r = min(rf , rg).

Theorem.

Let a power series
∞∑
k=0

ak(x− a)k = f(x) have radius of convergence r > 0. Then the following are true:

(i) For every c ∈ IR we have f(x− c) =
∞∑
k=0

ak
(
(x− c)− a

)k
=
∞∑
k=0

ak
(
x− (a+ c)

)k
.

(ii) For every n ∈ IN we have (x− a)nf(x) =
∞∑
k=0

ak(x− a)k+n =
∞∑

k=n

ak−n(x− a)k.

(iii) If lim
x→a

( f(x)

x− a

)
converges, then 1

(x−a)f(x) =
∞∑
k=1

ak(x− a)k−1 =
∞∑
k=0

ak+1(x− a)k.

All these series have radius of convergence rf .
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Theorem.

Let a power series
∞∑
k=0

ak(x− a)k = f(x) have radius of convergence r > 0. Then the following are true:

(i) The function f is continuous.

(ii) The function f is differentiable on Ur(a) and on this set we have

f ′(x) =
∞∑
k=1

k ak(x− a)k−1.

(iii) The function f has an antiderivative on Ur(a) and∫
f(x) dx =

∞∑
k=0

ak
k + 1

(x− a)k+1 + C.

(iv) The function f has derivatives of all orders on Ur(a) and for every n ∈ IN we have

f (n)(x) =
∞∑

k=n

k(k − 1) · . . . · (k − n+ 1)ak(x− a)k−n =
∞∑

k=n

k!

(k − n)!
ak(x− a)k−n.
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Principle of transformation
Consider a set A with an operation ◦A and a set B with an operation ◦B . Let T be a 1-1 mapping that
satisfies

T (x ◦A y) = T (x) ◦B T (y)

for all x, y ∈ A. Then instead of evaluating x ◦A y we can use this procedure:
1. We transport the problem to the world B: T (x), T (y).
2. We solve the problem in the world B: T (x) ◦B T (y).
3. We move the result back to the world A: T−1

(
T (x) ◦B T (y)

)
.
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Fact.
Let a ∈ IR, let V be the space of functions that can be expanded into a power series with center a. For

f define a mapping T by the condition T (f) = {ak}∞k=0 if f(x) =
∞∑
k=0

ak(x− a)k on some Ur(a).

Take any f, g ∈ V and assume that T (f) = {ak}∞k=0 and T (b) = {bk}∞k=0. Then the following are true:

(i) T (αf + βg) = {αak + βbk}∞k=0 for all α, β ∈ IR.

(ii) T ((x− a)f) = {0, a0, a1, a2, . . . }.

(iii) If f(a) = 0, then T
(

1
x−af

)
= {ak+1}∞k=0 = {a1, a2, a3, . . . }.

(iv) T (f ′) = {(k + 1)ak+1}∞k=0 = {a1, 2a2, 3a3, . . . }.
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