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DEN: ODE—transforms

Definition.
Let a € IR.
o0
By a power series with center a we mean any series of the form Y ay(z — a)*,

k=0
where a;, € IR and z is a variable.

Theorem.
[e ]

Let > ax(z — a)* be a power series.

k=0
There exists a number 7 € IR§ U {oo} such that the series converges absolutely for |z —a| <
and diverges for |z —al| > r.

This number is called the radius of convergence of this series.



ODE and num. math.: ODE and transforms [lectures] (©) pHabala 2018

Definition.
o0

Consider a function f and a power series Y. ax(z — a).
k=0

o0

We say that the series > ax(z — a)* converges to f uniformly on an interval I if
k=0

for every € > 0 there is ng € IN such that

N
‘f(fﬂ) - Zak(l’—a)k‘ <egforxel
k=0

whenever N > ng.

Fact.

oo

Let f be a function such that there is a power series with center a and r > 0 so that f(z) = > ar(z—a)”
k=0

on U,(a). Then for every k € INy we also have

A
k!

ag

Definition.
Let a function f have derivatives of all orders at a point a.
We define its Taylor series with center a as

(k) (g

Finding such a series is called expanding the given function into a power/Taylor series (with
center a).
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Theorem.
Let a function f have derivatives of all orders on some neighborhood U,.(a) with > 0. If there exists
oo f(k)
M > 0 such that |f®)(z)] < M for all k € INy and 2 € U,(a), then f(z) = 3 f k'(a) (x — a)¥ on
k=0 :
x € Up(a).
Fact.
1 o0
. :Zxk=1+x+x2+x3+x4+... , r e (—1,1);
k=0
. =k z? 23 ot
e :ZE:1+I+E+§+Z+... ,zeR;
k=0
o0 2k-+1 3 5 7
()= S T e |
sm(x)—kz_o( 1) (2k+1)!—x 3!-%-5! 7!+...,:L'ER,
o0 22k e N R
=) (—1)* =1-""+= -
cos(x) kz_o( ) k) 51 + T +..., ze R,
s T 2 .3 4
In(l+z)=Y (-1 =g 42 2 11
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Theorem. - -
Let a € IR, assume that power series Y. ax(z — a)* = f(z), 3 bip(z — a)* = g(x) have radii of
k=0 k=0
convergence 7y and 7.
(i) For all a,b € IR we have
af (z) + bg(x) = a(Z an(z — a)k) + b(Z bio(z — a)k> =3 (aay + bby)(z — a)*
k=0 k=0 k=0

and this series has radius of convergence r = min(rs,7,).

(ii) We have

f(x)-g(x) = (i ap(xr — a)k> : (i b (xr — a)k> = i( aibk_l-) (z —a)*

k
=0 =0

and this series has radius of convergence r = min(rs,r,).

Theorem. -
Let a power series Y. ax(z —a)¥ = f(z) have radius of convergence r > 0. Then the following are true:

k=0
(i) For every ¢ € IR we have f(z —c) = . ax((z —¢) — a)k =Y ap(z—(a+ c))k

k=0 k=0
(ii) For every n € IN we have (z —a)"f(z) = Y ap(x — a)*" = 3 ap_n(x — a)*.
k=0 k=n
(iii) If li_I)n ( /() > converges, then (m—ia)f(:c) =Y ap(z —a)¥ 1 = 3 apyi(z — a)k.
raNr —a k=1 k=0

All these series have radius of convergence 7.
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Theorem.

Let a power series Y ap(x — a)¥

k=0
(i) The function f is continuous.

= f(x) have radius of convergence r > 0. Then the following are true:

(ii) The function f is differentiable on U, (a) and on this set we have

= Zkak(x —a)F!
k=1

(iii) The function f has an antiderivative on U, (a) and

kL
/f dw— k+1(m a)"" + C.

(iv) The function f has derivatives of all orders on U, (a) and for every n € IN we have

™ (z Zk’ —1) - (k—n+Dag(z —a) "= Z (kﬁ—!n)!ak(:c—a)k_”.
k=n
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Principle of transformation
Consider a set A with an operation o4 and a set B with an operation og. Let T be a 1-1 mapping that
satisfies

T(xoay)=T(x)opT(y)

for all x,y € A. Then instead of evaluating x o4 y we can use this procedure:
1. We transport the problem to the world B: T'(z), T'(y).

2. We solve the problem in the world B: T'(x) op T'(y).

3. We move the result back to the world A: T-(T'(z) o T(y)).
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Fact.
Let a € IR, let V be the space of functions that can be expanded into a power series with center a. For

f define a mapping T" by the condition T'(f) = {ar}72, if f(z) = i ar(x — a)* on some U, (a).

Take any f,g € V and assume that T'(f) = {ax}32, and T'(b) = {g:}()z‘;o. Then the following are true:
(i) T(af + Bg) = {aay + pBbi}52, for all o, B € IR.

(ii) T((x — a)f) = {0, ap, a1, a2, ... }.

(iii) If f(a) =0, then T(=L f) = {ar+1}720 = {a1,a2,a3,... }.

(iv) T(f") = {(k + Dag+1}32y = {a1,2a2,3as, ... }.




