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DEN: ODE—Fourier transform

Definition.
Let f be a function defined on an interval I = [a,a 4+ T') for some a € R, T > 0.

Its periodic extension is defined as the function

f&) = f(t—kT) for t €la+kT,a+ (k+1)T).

Theorem.
Let f be a function that is T-periodic. Let w = 2%’
If the series

(12—0 [ak, cos(kwt) + by, sin(kwt)]

NE
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k

I
—

converges to f(x) on IR uniformly, then necessarily

f(t) cos(kwt) dt pro k € INy,

Nl

St~y T

ap —

f(t)sin(kwt) dt pro k € IN.

Nl
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Definition.
Let f be a function integrable on an interval [a,a + T7.

We define its Fourier series as

30 + Z ay, cos(kwt) + by, sm(k:wt)}
k=1
where w = QT” and
) T
a = 7 /f(t) cos(kwt) dt pro k € INp,
0
) T
by = T /f(t) sin(kwt) dt pro k € IN.
0

We write
[ee)

fo—=t Z a, cos(kwt) + by, sin(kwt)].
k=1
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Theorem. (Jordan criterion)

Let f be a function that is piecewise continuous on some interval I of length T,
assume that it has derivative f’ that is piecewise continuous on I.

Consider its periodic extension, call it f again for simplicity.

Let f ~ a_20 + > [ag cos(kwt) + by, sin(kwt)]. Then for every ¢ € IR we have
k=1

%o
2

T—t— r—tt

+ Z ai, cos(kwt) + by sin(kwt)]| = %[ lim (f(z)) + lim (f(x))]
k=1

a oo
If, moreover, f is continuous on IR, then 70 + > [ak cos(kwt) + by, sin(kwt)| = f
k=1
and the convergence of this series is uniform on IR.
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Fourier series in amplitude-phase form:

f~ % + ;Ak sin(kwt + @r).

Fourier series in complex form:

[e.e)
f’\’ Z CkBkat,

k=—00
where

a+T

=% / f(t)e Hetar,

a

Definition.

Let f(t) be a function integrable on IR. Its Fourier transform F|[f]|(w) is defined by the formula
Flf]: we / f(t)e ™t dt.

Often we also write F[f] = f.

Theorem.
Let f be a function integrable on IR that is continuous with possible exception of finitely many jump
discontinuities. If we redefine f as f(z) = 2 (f(z7) + f(zT)) at these points, then

1
27

F() = 7f<w>ew .
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Fourier transform:
Dictionary:

F1] = 276 (w);

FIH(®)] = md(w) + 75
Fle®ot] = 2w (w — wo);

FletH(t)] =

wo+iw?

Flsin(wot)] = F[6(w — wo) — 6(w + wo)];

Grammar:

Flaf + Byl = aF[f]+ BFlgl;
FIft—a)] = e f(w);
Fle ' ()] = flw = a);

here f = F[f]
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Fo0)] =15

Flsgn(t)] = 7;

Flewol] = 34 (wo > 0)
Flte“otH(t)] = m (wo > 0)

Flecos(wot)] = m[0(w — wo) + d(w + wo)].

FIEF@) = if (@);
FIF' ()] = iwf(w).



