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DEN: ODE–Laplace transform

Definition.
For f : [0,∞) 7→ IR we define its Laplace transform L{f(t)} by the formula

L{f(t)} : s 7→
∞∫
0

f(t)e−stdt,

assuming that this converges for at least one s ∈ IR.

Notation: L{f(t)}(s), L{f}, F (s), alternatively f(t) =̂ F (s).

Definition. L0 =
{
f(t) : [0,∞) 7→ IR; f piecewise continuous and

|f(t)| ≤ C eαt for some C,α > 0}.

Definition.
Heaviside function is defined as

H(t) =

{
1, t ≥ 0;

0, t < 0.

Fact. (dictionary)
• L{eαtH(t)} = 1

s−α , s > α for all α ∈ IR;

• L{tnH(t)} = n!
sn+1 , s > 0 for all n ∈ IN0;

• L{sin(ωt)H(t)} = ω
s2+ω2 , s ∈ IR for all ω ∈ IR;

• L{cos(ωt)H(t)} = s
s2+ω2 , s ∈ IR for all ω ∈ IR.
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Theorem. (grammar)
Let f ∈ L0.
(i) (linearity) L{af(t) + bg(t)} = aL{f(t)}+ bL{g(t)} for every g ∈ L0 and all a, b ∈ IR.

(ii) (change of scale) L{f(at)} = 1
aL{f(t)}∣∣

s/a
for every a > 0;

(iii) (shift in image) L{eatf(t)} = L{f(t)}∣∣
s−a

for every a ∈ IR;

(iv) (derivative of image) L{tnf(t)} = (−1)n dn

dsnL{f(t)} for every n ∈ IN ;

(v) (derivative of preimage) If f (n) ∈ L0, then
L{f (n)(t)} = snL{f(t)}(s)− sn−1f(0+)− sn−2f ′(0+)− . . .− sf (n−2)(0+)− f (n−1)(0+);

(vi) (integral of preimage) L
{∫ t

0
f(u) du

}
= 1

sL{f(t)}.

(vii) (integral of image) If lim
t→0+

( f(t)
t

)
converges, then L

{
1
t f(t)

}
=
∞∫
s

L{f(t)}(q) dq.

2



ODE and num. math.: ODE and transforms [lectures] c© pHabala 2018

Theorem.
Assume that for some f, g ∈ L0 we have L{f} = L{g} on some [s0,∞). Then f = g up to at most
countable set of isolated points.
If, moreover, f and g are continuous from the right everywhere, then f = g.

Theorem.
If F (s) is a rational function whose numerator has smaller degree than the denominator, then the inverse
L−1{F (s)} exists and can be found using partial fractions decompositon.

Fact.
L−1

{
1

s−α
}

= eαt,

L−1
{

1
sn

}
= 1

(n−1)! t
n−1,

L−1
{

ω
s2+ω2

}
= sin(ωt),

L−1
{

s
s2+ω2

}
= cos(ωt).

Theorem.
(1) L−1 is linear;
(2) L−1{F (s− a)} = eatL−1{F (s)}; (2) F (s− a) =̂ eatf(t);
(3) L−1{F (as)} = 1

aL
−1{F (s)}∣∣

t/a
; (3) F (as) =̂ 1

af
(
t
a

)
;

(4) L−1{sF (s)} =
[
L−1{F (s)}

]′
+ L−1{F (s)}(0+); (4) sF (s) =̂ f ′(t)′ + f(0+);

(5) L−1{F ′(s)} = −tL−1{F (s)}. (5) F ′(s) =̂ − tf(t).
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Fact.
Let f be a function defined at least on an interval [a, b).
Then the function f(t)[H(t− a)−H(t− b)] has values

f(t)[H(t− a)−H(t− b)] =

{
f(t), t ∈ [a, b);

0, elsewhere.

Theorem.
Let f ∈ L0, f =̂ F . Then for every a > 0 we have

L{f(t− a)H(t− a)} = e−asL{f(t)H(t)};
L−1{e−asF (s)} = f(t− a) ·H(t− a).

L{f(t)H(t− a)} = e−asL{f(t+ a)H(t)}.

Theorem.
Let f be a function that is T -periodic on [0,∞). Denote one period as

fT (t) = f(t)[H(t)−H(t− T )]. Then L{f(t)} =
L{fT (t)}
1− e−sT

.
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L{eαt} =
1

s− α
L{eatf(t)} = L{f}(s− a)

L{sin(ωt)} =
ω

s2 + ω2
L{t f(t)} = −[L{f}(s)]′

L{cos(ωt)} =
s

s2 + ω2
L{f ′(t)} = sL{f}(s)− f(0+)

L{1} =
1

s
L{f ′′(t)} = s2L{f}(s)− sf(0+)− f ′(0+)

L{t} =
1

s2
L
{∫ t

0

f(u) du
}

=
1

s
L{f}(s)

L{tn} =
n!

sn+1
L{f(t) ·H(t− a)} = e−asL{f(t+ a)H(t)}

L−1{e−asF (s)} = L−1{F (s)} ·H(t− a)

Assume: f(t) =̂ F (s)

eαt =̂
1

s− α
eatf(t) =̂ F (s− a)

sin(ωt) =̂
ω

s2 + ω2
t f(t) =̂ − F ′(s)

cos(ωt) =̂
s

s2 + ω2
f ′(t) =̂ sF (s)− f(0+)

1 =̂
1

s
f ′′(t) =̂ s2F (s)− sf(0+)− f ′(0+)

t =̂
1

s2

∫ t

0

f(u) du =̂
1

s
F (s)

tn =̂
n!

sn+1
f(t− a) ·H(t− a) =̂ e−asF (s)

L{f(t) ·H(t− a)} = e−asL{f(t+ a)H(t)}
L−1{e−asF (s)} = f(t− a) ·H(t− a)

5


