DEN: Typical midterm test
1. Find the solution of the IVP

2. a) Find a general solution of the equation
y" +2y" + 5y = 0.
b) Discuss the behaviour of a typical solution at infinity.
c¢) Find the solution given by initial conditions y(0) = 0, y'(0) = 2.

3. Consider the equation y” — 2y’ = 13e3* 4 23.
Estimate the general form of its particular solution y,,.

4. Find a general solution of the system

Yy = Ty — 6yo
yh = 6y1 — Gysa.



Solutions

1. Equation demands that = # 0.
. dy dzx
Separation: | —— = —3 | —. Stat. sol. y(z) = 3.
y—3 T
Integration: In|y — 3| = =3In|z|+c= ln’m%‘ + ¢, trick with C = £e® # 0, hence y(z) = & + 3.
Existence: x # 0. From the procedure y # 3, this is true for C' # 0. The choice C' = 0 includes the
stat. sol.

Hence general solution y(z) = x% +3,z#0.
Initial cond.: ﬁ + 3 = 5 yields C = —2. We want interval with g = —1, hence solution

y(z) =3 — ?23’ x € (—00,0).

2.2) 2420 +5=0 = \=—1+2i.
y(x) = ae "sin(2x) + be " cos(2x), z € R.
b) For x ~ oo we have y(x) — 0.
c) y'(z) = —ae "sin(2z) + 2ae~* cos(2x) — be~* cos(2x) — 2be~ " sin(2x).
I.C.

0+b=0

= a=1, b=0.

—0+2a—-b-0=2
Solution: y(z) = e *sin(2x), z € R.

3. Two different types on the right, an exponential with a = 3 and a polynomial. First guess is
therefore A e3* + B.
Corrections? The left-hand side (homogeneous equation) has characteristic numbers

A2 —20=0 = A=0,2.
Right-hand side: The exponential part is described by the parameter A = 3, no correction. The
polynomial part does not feature any exponentials nor sines/cosines, hence it is described by the
parameter A = 0. This matches one of the characteristic numbers (multiplicity one), hence there
will be (a single) correction.
Conclusion: The estimated form is y, = A €e3* + Buz.

(i 2)

det(7_)\ -6 >:(7)\)(6+)\)+36:)\2)\6:()\3)(>\+2):0.

4. We work with the matrix

We find eigenvalues:

6 —6—A

We found A = —2,3. We find eigenvectors and solutions for the fundamental system:

_ 9. (9 —6 v _ (0 B B B L 2\ L,

A= —2: (6 _4> (’U2>_<0>’3U1 2v2—0,choosevg—3,thenvl_Q,ya(x)_<3>e )

A <§ _S><Zl>: 0 ’2”1‘3”220’Choosevzﬂathenvl=3,gb<x>=<3)e3w,
- 2

0
General solution 7(z) = a <

) e 2 4+ b (g) e3? that is,

y1(z) = 2ae %" + 3be’”,
ya(z) = 3ae " +2be*, z € IR.
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