MAZ2 Practice problems 4 solutions pHabala 2021

MAZ2: Practice problems—Functions of more variables: Integrals
Brief solutions

1 2 1 1
2 1
1. //6xy+2a:+2ydydx=/[3xy2+2a;y+y2}odx=/16x+4dxdx: [8x2+4x]0=12.
0 0 0 0

2 1 2 2
2
Alternative: //6xy+2$—|—2yda:dy:/ 356 y+ x? —1—2953/ /5y—|—1d33— 2y2+y] =12.
0
0 0 0 0

T 27 Z:3x—|—y i 2
//3sm 3x+y)dydr = |dz = (%[Sx—i-y] dy :/[—3008(31'4-3/)} dx
dz = dy 0 0

= / —3cos(3z + 2m) + 3cos(3x) dr = [— sin(3z + 2m) + Sin(Sa:)];r = 0.
0

Remark: Actually, cos(3z + 27) — cos(3z) = cos(3z) — cos(3z) = 0.

2 y = 31. + y 2T -
Alternative: //3sm (Br +y)drdy = |dz = 5- 213z +yldx | = /[— cos(3x + y)} dy
dz = 3dz 0 0

= / —cos(3m + y) + cos(y) dy = [— sin(37 +y) + sin(y)} zﬂ =0.
0

27

1 o 1 1
3. //xsm xy)dydx = |dz = ay xy / — cos xy /—cos (2mx) + cos(0) dx

1

1
/1 — cos(2mx) dx = [m — 5= sin(27rx)} =1.
0

0
27

1
Alternative: //acsm zy) dx dy = !
0 0

f/

x
1

27

g' = sin(zy) _ 1 1 !

g _i cos(zy) ' = /[—yaz cos(zy) + ;2 sm(xy)] Ody
0

27
— [ sinty) ~ 3 costy) dy,
0

and we have a problem, [ % cos(y) dy is one of those integrals that we can’t express using a formula with
elementary functions.

12 N oo z—my 1
4. //:c2yezydyd$— ‘f/— y z}:emy dz—— :/ xye™Y dx
0 b dz—a:dy 0
1 1 1 1 )
:/2:1:62’“"—eQx—l—lda::/Qmedex+/l—62xdx— x e /Zedea:—i— ée%}
0
0 0 0 0

o

s g =yem

2
’f/2x g=e"Y

2 1
Alternative: //ac2 e™dx dy =
00

f=2xz ¢ = e Y
ffl=2 g= g
This is not a nice integral, the first way is preferable.
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:fey— [21‘%6“1—1%26“/} dy = [e¥ —
0 0

ot
O\H

/1 z=y24+a%+1 1 X
sdyde = |dz = Z[y* + 2 + 1] dy :/[_] dx
1 2 9y 2] 2 2
5 +x +y dZZdey J + x —|—y 0
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11
Alternative: // T 1:2 ) 5 dx dy
0 0

The integral / dx is very unpleasant, the first approach is better.

(2 + B)?

1 oo 1 oo 1 oo
6. dyd
//1+x2+y 2 4 22y? // (14 z2)y? +(1+$2 /332 1/y Yo
0 0 0 0 0 0
1

1
= / o [arctan(y)]o dr = / o] Sdr = [5 arctan(z )}0 = ﬁ.
0 0

(o olNe o) o0 o0 [ee] o o oo

7. //e_z_y dy dx = /e /e_y dy dxr = /e_z [—e_y] dr = /e_w “ldr = [—e_x} =1.
0 0

00 0 0 0 0

Bonus: What if we had / / -y dy dx? We run into trouble, since we know that the antiderivative to

e~¥" cannot be expressed as a formula using elementary functions. However, there is an interesting trick.

: > —22/2 _ > —y? _ z = \/§y _ 1 > —22/2 _
It is known that / e dz = v 2x. Therefore / eV dy= dz = V2 dy ’ =% /_OO e dz = /.
0/

— o0 — 00

By symmetry, / eV dy = @ Thus
0

//6_1’2_742 (1y(,‘lx:/e_12/e3_z”2 dyde/\/;e_
00 0 0 0

For pictures of s from 8-15 see below.

£

8. Vertical slicing seems natural.
11 1 1

1 1

//33:3er dydx = /[sze“’] de: /3 207 _ 32267 dp = {szer 61 e +6e% — e =2 —14e7 !
x —1

Z1 g2 21 21

9. Vertical slicing seems better.

2 27mx 2
271'1‘
//az sin(zy dyd;v—/[ mcos(my)] / x cos(2mx?) + x cos(mx?) dx
1 7z 7T$ 1
2
= {—ﬁ sin(2rz?) + o sin(wa)} = 0.
1

10. Intersections (1,-2), (2,1). Horizontal slicing is the best.
1

\/_7 3 1
— — _ _ /2.3 15 2 __15
/ / 9y dx dy = /[Q:By] (y+5)/3dy /9y 5 —y2—3y’—15ydx = [ 3(5—y%) U=l I 5 -
=2 (y+5)/3 -

11. Intersections: (1,1), (3,3), (4,2). It is a triangle.

3 T 4 66—z 3 4

/ / 9:cdydx+/ / 9:cdyd:r:/ daz+/ dx
(w+2)/3 (w+2)/3

1 (242)/3 3 (x+2)/3 1

3

3 4 4

/9x2—3x(m+2)dx+/9x(6—x)—3x(a:+2)dx:/6x —6mdx+/48x—12x2dm
3 1 3

; 3
[23:3 — 3z } +

4
[24952 _ 43:3] — 48,
1

3
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Alternativa:

2 3y—2 3 6—y 2 3
3y 2

//9xd:vdy+//9xd:):dy /gzv dy+/ %x

1 2y 1 2

[\

3
2 3
= /36y2 — 54y + 18dy + / 162 — 5dy dy = [12y3 —27y% + 18y} + [162y — 27y2} = 48.
1 2
2

—

12. Triangle with corners (0,0), (0,2), (1,2).

12
Vertical slicing: //(4ey2 + Sxy) dy dx.
0

2x

However, we know that the antiderivative to e¥” cannot be expressed using formulas with elementary func-
tions, so this is not a good idea.

Horizontal slicing;:
y/2

2 2 2
2 2 2 z=y/2 2 3 2 1 4 2 4
4e¥ 4+ 8xydrdy = [461’ T+ 4z y] dy= [ 2ye¥ +y°dy = {ey —}—Zy] =e" + 3.
0
0 0 0 0

=0

13. Triangle, corners (0,0), (3,0), (0, 3).

Vertical slicing:

33—z 3 3 3
) 92 91, 1 9 1 2]?
0 0 0 0 0
Horizontal slicing;:
3 3—y 3
/ / Y da / yln ]:1:\ dy = /oody This way it will not work.
x

0 0 0

14. Vertical slicing:
[ [ervayio [l ae= [ overmion 2™ =1-0=1

0

0 = 0 0
Horizontal slicing;:

oo Y ) o)
//e_l’_y drdy = /[—e"”—y = /—e_zy +e Vdy = [%e‘zy - e_y}o =0- % +1= %
0 0 0 0

15. Vertical slicing:

oo 1/\/x 00 00

dy ”f 2 de=[-4]"= 044=4
N R E e
1 _1/yz 1 1
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For pictures of 2s from 16—21 see below.

1 1

16. //mydyd:z: / } de:/

0 23 0 0
1

y1/3

1 1 1/3
’ 1
/ / a:ydxdy:/[éfy} dy—/;y5/3 L2y = [136y8/3 ly?»} = L.
NG 0
0 vy 0 0

/2 sin(x)
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20.//f(x,y)dxdy. 21./ f(z,y) dx dy.
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