MA2 Solved problems 2 pHabala 2021
MAZ2: Solved problems—Functions of more variables: Derivative and geometry

1. Find the domain and all first order partial derivatives of the function
f(z,y,2) = arcsin(zy)e®* + (x 4 2)V 2.

2. Find the domain and all second order partial derivatives of the function
f(z,y) = 2y + (3z + 5y)*.

Find all derivatives directly, do not use any theorems.

TYz

VT +y
Find the gradient V f(1,0,2) and the total differential at (1,0, 2).

3. Consider the function f(x,y,z) = + e2e72,

4. Consider the function f(z,y) = 2y® + 2%y + 22 — y. We are at the point (1,2).
a) In which direction does the function f decrease fastest? At what rate?
b) If we move towards the point (3,2), at what rate will the values of function f start changing?

5. Find the equation of the tangent plane and the normal line at the point (1, 1,2) to the surface
given by

22 =7—x% - 20

6. Find the equation of the tangent line and the normal line at (0,57 /6) to the curve given by
2sin(y) — sin(z) = 1.
Write the equations in the classical form.

7. Use total differential to approximate In(1.1) cos(0.3).

8. Find the third order Taylor polynomial at @ = (1,—1,1) of
f(z,y,2) = 2zy® + 22°.

9. Let f(z,y) be some function. Consider the transformation of variables x = /s, y = t/s.

., Of of
a) Find I and e
of

b) Transform the expressions of and ——

Ox oy’

(That is, express them using partial derivatives of f with respect to s and ¢.)
1 9%f
c) Transform the expression — .

) P 2 0x0y

10. Consider the equation sin(xy) + 22 + 3% = 1.
a) Prove that on a neighborhood of (0, 1), this equation defines an implicit function y(z).
b) Find the equation of the tangent line to the graph of this y at (0, 1).

c¢) Find 4 (0).

11. Consider the equation sin(xz) + sin(yz) = sin(zy).
a) Prove that on a neighborhood of (0,1, ), this equation defines an implicit function z(x,y).
b) Find the equation of the tangent plane to the graph of this z at (0,1, ).

0%z

C) Flnd m(o, 1,7'(').

Solutions:

1. To see the domain we have to first modify the general power in the second term:

f(xa Y, Z) = arcsin(:cy)e?’z + e(y+2)ln(x+z).
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Thus the conditions for existence are —1 < zy <1 and x + z > 0:
D(f) ={(z,y,2) € R*; -1 <zy<1landz> —z}.

To get the partial derivative by z, we pretend that y, z are constants. What does it imply?
In the first term we have a product, but its second part involves z only, therefore the whole
exponential part is a constant and we can pull it out of the derivative. To differentiate the
remaining arctangent we use the chain rule (composed function). In the second term we have
the variable x only in the base, so we do not have to use the general power trick, the formula for
[x*]" applies. However, it is not exactly this, we have a function in the base, so again we have to
use the chain rule. We recall that the derivative of a constant is zero and [Az| = A.

% _ 3z 3 : y+z—1 2
5~ € B [arcsin(zy)] + (y + 2)(z + 2) e [z + 2]
€3Z o y 632

= e o [ry| + (y+ 2) (@ + )T 14+ 0] = +(y+2)(z+2)¥ L

/1= (ay)? Oz V1—x2y?
Now we pretend that z, z are constants. The first term is handled similarly, but the second term
is now of the form a¥*?, so the rule for derivative of general exponential must be used. We get

ﬁ _ 322 : y-&-zﬁ
By~ e 99 larcsin(zy)] + In(z + 2)(z + 2) 99 ly + 2]
63z T 63z

0 zyl +In(z + 2)(xz +2)VT* - [14+0] = +In(z + 2)(x + 2)V 1=,

V1= (zy)? 331[ V1= x2y?
Finally we pretend that x,y are constants. In the second term now z is both in the base and
the exponent of the power, so we have to use the general power transcription we used earlier in

the domain part and differentiate the composed function %[e‘P("‘)] = e*"(z)%[go(z)]:

8f _ . 9 3z (y+2) In(z+2) 9
5 arcsin(zy) 52 (e”*)+e B [(y + 2) In(z + 2)]
1 0
— ; 3z yt+z -
= arcsin(zy)3e”* + (v + 2) ([1 +0]In(z + 2) + PR ly + Z])
_ : 3z y+z y+z
= 3arcsin(zy)e’® + (x + 2) (ln(.r +2)+ ey z>

Remark concerning the domain (for inquisitive students):

What si the shape of the set D(f) = {(x,9,2) € R?; -1 <azy<1and z> —x}?

Fortunately, there is no z in the first condition, so we can start by investigating what kind of
shape it defines in the zy-plane. When deciphering the condition —1 < zy < 1 we have to
consider three possibilities:

r=0: —1<0<1 always = all y work.
z>0: —égygi
r<0:  —gzyzg = ;Sys—;
Thus we get the following shape in IR?:
y
X
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However, the domain is an object in three dimensions, now we know that it is something that
is erected over the set in the picture above. If there were no other condition, then z could be
anything and we would obtain an infinite vertical “cylinder” with cross-section given by the
shape above.

However, there is a condition, namely z > —x. This condition limits z from below depending
on the position in the zy-plane. The equation z = —x describes a plane tilted at 45 degrees,
parallel with and going through the y-axis. Therefore the domain D(f) is the part of the “infinite
cylinder” that is above this plane.

2. Since there are no troubles in the formula, we get D(f) = IR

To get the second order partial derivatives we first calculate the first order partial derivatives:

% = ya—i[ﬁ] +2(3z + 5y)%[3x + 5y] = 2zy + 2(3z + 5y) - 3 = 2z2y + 18z + 30y,
% = ;ﬁ%[y] +2(3x+5y)g—§[3w+5y] = 2”4+ 2(3z + 5y) - 5 = z* + 30z + 50y.
Thus
Pf _ a0 2
523 = D[5] = 2 20y + 18z + 30y] = 2y + 18,
P _ oror P
B0 =5 [55] = 3 22y + 18z + 30y] = 2z + 30,
an o170 0 2
Saoy = o%Lou] = gsle” + 302 +50y] = 20 + 30,
0 f

ke 23] = &[* + 30z + 50y] = 50.

Note that this function has partial derivatives of all orders and they are continuous, so a theorem
’f _ 9°f
Oydxr ~— Oxz0y”

says that we must have

3. This is easy. First we find partial derivatives and then substitute into them the given point:

of  vAVIT Y- 5= 8
of _ L " —f(1,0,2):2,
or T4y ox

af
8y 33—|—y ay( 707 ) )

3f _ Ty _6237—2 — a_f(1,0,2) — _1

oz Vr+y 0z
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Now we can form the gradient and the total differential:
V£(0,2,0) = grad(f)(0,2,0) = (2,2,—1),
df(1,0,2) = 2dz 4+ 2dy —dz  or  df(1,0,2)[h] = 2hy + 2hs — hs.

4. Both questions will require the knowledge of gradient, so we find the appropriate partial
derivatives and work it out:
O =y + 22y +2 91(1,2) = 10
of _ g 2 _ } T 01 9)— }
oy = 2wy + o —1 oy (1,2) =4
The direction of the fastest decrease is —V f(1,2), that is, (—10,—4). Since direction does not
change if we multiply (or divide) a vector by a positive number, we can also give the direction
2(—10,—4) = (=5, —2) as the answer.
The rate of change in the direction of the gradient is ||V £(1,2)|| = V102 + 42 = /116 = 21/29.
In the opposite direction the rate of change will be the same in magnitude, but negative. So the
rate of change in the direction (-5, —2) is —2+/29.
b) First we determine the vector describing our movement (“displacement”) when we go from
(1,2) to (3,2): ¥ = (3,2) — (1,2) = (2,0). Next we find a vector in the same direction but of
norm equal to one:

V/(1,2) = (10,4).

U= = 3(2,0)=(1,0).

The answer to question b) is given by the appropriate directional derivative. The rate of change
in the direction « is

fe(1,2) = Dz f(1,2) = Vf(1,2) @i = (10,4) e (1,0) = 10.

5. We check that the given point P = (1,1, 2) satisfies the given equation, and so the question
makes sense, the point indeed lies on the given curve. To find the given objects we first need to
find a normal vector to the given surface at (1,1,2). There are two approaches:

1) We can consider the surface to be a level curve 22 + 2y? + 22 = 7 of the function

flx,y,2) = a® + 2y + 22,

We know that the gradient then yields a normal vector to a level curve. So we find the appropriate
partial derivatives and substitute:

of _ of _ of _

%—21', a_y_4y’ E—2Z

0 0 o
= sf,1,2) =2, ga1,2) =4 §(1,1,2) =4

Thus Vf(1,1,2) = (2,4,4). Since for a normal vector we can take any multiple of the gradient,
for simplicity we prefer to take 77 = %Vf(l, 1,2) =(1,2,2).
2) We can also consider the surface to be the graph of one of the functions

2= —/7—x2%— 292, 2= +/7—x2%— 292

We have to determine which of the two functions applies to our problem, but this is easy, we
quickly find that the given point (1,1,2) does not satisfy the first equation, but the second is

fine. So we consider the function g(z,y) = /7 — 22 — 2y2.
9g

We know that a normal vector to the graph can be found as (%, g—g, —1) evaluated at the point

(1,1). So we calculate:

99 _ ___—w 99 _ —2y
Oz \T—x2—2y2’ y \/T—x2—2y2
— o) ) o 1
(8_2(1’ 1)7 8_2(17 1)7 _1) — (_5, —1, —1)

Since we can take for 77 any multiple of this vector (including negative now, opposite direction to
a perpendicular vector is still perpendicular!), we prefer to multiply it by —2 and get 77 = (1,2, 2)

4
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as in 1). Note that this way it was not so easy, which is typical. The level curve approach is
usually more natural, sometimes the only possible.

Either way, we have the normal vector 77 = (1,2,2). The normal line is given by the parametric
equation

Zt)=P+tit=(1,1,2) +£(1,2,2) = (1 +t,1+2t,2+2t), t € R.
Since we are in three dimensions, the alternative way of determining a line is to express it as an
intersection of two planes. It is not as elegant as the parametric expression, so we choose not to
do it.
The tangent plane given by the normal vector (1,2,2) must satisfy the equation

l-x4+2.-y+2-2=d
for some d. We find it by substituting the point (1,1,2) into this equation, it is d = 7, so the
equation is
r+2y+22="1.
Another possibility (my favourite) is to remember that that the equation of the plane perpen-
dicular to 77 and going through the point P is given by
OZﬁO[(x,y,z)—P]zl(x—1)+2(y—1)+2(z—2),

which of course leads to the same answer.

6. We check that the point P = (O, %”) satisfies the given equality and therefore the question
makes sense. As usual, first we need to find a normal vector 7i. The curve is given by an equation
with two variables, so we can consider it as a problem of finding 77 to a level curve given by the
function

f(z,y) = 2sin(y) — sin().
From the theory we know that then one candidate for such a vector is the gradient of f, so we
find partial derivatives and then substitute the point:

e} o) le] s o g
a_i = —cos(x), a_ch =2cos(y) = 8—5(0, %) = —1, 8—5(0, %) = —2.

We get the gradient V f (07 %’r) = (—1,—2). Since for the normal vector we can take any multiple

. . . o . - 57{' _
of this gradient, we prefer for simplicity to take 7 = —V f (0, F) = (1,2).
Now it is easy to write the parametric equation of the normal line:

Z(t) = P+t = (0,2F) +1(1,2) = (¢, 3 + 2t).
To get the classical form, we eliminate ¢ from the resulting equations x = t, y = %’“ +2t, obtaining
first t = x and then
y =2+ ‘%T.
There are two ways to get the tangent line.
1) One approach is to see it as the line that is perpendicular to 77 and going through the point
P. Such a line satisfies the equation
O=ne[(z,y) —Pl=1-(z-0)+2-(y— ) = z+2y="2.

Some people remember that in this situation one has 1-x + 2 -y = ¢ for some c¢. This they
identify by substituting the point (O, ‘%) into this equation, obtaining ¢ = 5?”
2) The other approach is to start with a parametric equation of the tangent line. For this we first
need to find some tangent vector at (0, %”) Since we know a normal vector 77 = (1,2), we use
the popular two-dimensional trick with switching coordinates and putting one minus somewhere,
thus obtaining for instance d = (2, —1). Now we can write

Z(t) =P +td=(0,5) +¢(2,-1) = (2, 3= —1).

bt
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To get the classical form, we eliminate ¢ from the resulting equations x = 2t, y = %“ —t, obtaining
first t = /2 and then

— 1 51
Yy=—52+ F%.

Remark: Check that the point (7/2,7/2) also lies on the curve. What if we try to find the
normal vector there?

Substituting into partial derivatives as above yields 77 = (0,0) and we cannot solve the problem.
Why is this? It is caused by the fact that the curve described by the equation 2 sin(y)—sin(z) =1
is very complicated, which is something that the above solution mercifully hid from us. It would
become apparent if we tried to transform the problem from the “tangent to a level curve” type
to the type “tangent to a graph of a function”. When we try to isolate y from the equation, we
get

sin(y) = —Sin(§)+1.

Given some z, this equation has infinitely many solutions for y (or perhaps no solution, if the
number on the right did not fall into [—1, 1], but this does not happen here). In fact, from the
fact that possible solutions x and y repeat with shifts by 27 it follows that the curve given by
this equation is a certain specific shape which is repeated over and over in the z-direction and
also in the y-direction with period 27, and even the mirror image of it is included! This all
follows from the question of how many solutions to the problem sin(y) = A we find and how
they look like. The graph is like this:

NN

You immediately see that at the point (0,57/6) the given question makes sense and can be
solved, but at the point (7/2,7/2) this curve passes in two directions, so there is no unique
perpendicular direction and asking about tangent there does not make sense.

Note also that if you naively tried to express y using arcsine:
Yy = arcsin(%) = f(z),

you would get the “basic” curve that looks like a sea and whose copies and reflections compose
the complete graph above:
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YRS

N\

[ [ [
-2n - 0 27 4T x

98
a4

This curve does not even contain the given point (0, 57/6), so the given problem cannot be solved
using this f.

7. We set up the function f(z,y) = In(x) cos(y). The number In(1.1) cos(0.3) that we want to
approximate can be now expressed as f(1.1,0.3). We note that (1.1,0.3) is very close to (1,0)
and the function f is much nicer at (1,0), so we base our approaximation on this observation.
The notion of total differential allows us to estimate

f(1.1,0.3) = f((1,0) + (0.1,0.3)) ~ f(1,0) + df(1,0)[(0.1,0.3)] = f(1,0) + Vf(1,0) e (0.1,0.3).
We calculate

Vf(1,0) = (%(y),—ln(x) sin(y (1,0).

|10y =
Thus
In(1.1) cos(0.3) ~ In(1) cos(0) + (1,0) @ (0.1,0.3) = 0.1.

By the way, the precise value is In(1.1) cos(0.3) = 0.091..., so our approximation is pretty close.

8. We know that T'(Z) = 2 Ld¥f(a)z —a) = éo L((Z—a) e V) f(a).

So we need to calculate those differential expressions, for simplicity we will first write h in place
of ¥ —a. We know that dof = f, and

V= (hale +hy2 +h2)f = 5Lhy + 50y, + %L,
e V)2 f (hwai+hyay+hzaz) f

92 9% o
8x2 +h?2J dy> hz 922 + 2h, hy Bm[:)y + 2hy, hz 10z +2h’ h Byaz)f
2 2 2f 2 4 3% f o f
02+ 5En2 + 5 L2+ 20 L hohy + 22 hohe + 22 Ly he

)

( ) (h$8x+hy8y+hzaz) f
B3 4 p3 0 4 pB +3h2h + 3hyh2 -2 4+ 3h2h, 2
T Ox3 Y 8y3 z 8z3 Y 8m28y Y 8x8y2 z 8x26z

2 9 2 2 93
+ 3h hZ O0x0z2 +3h hz 8y28z + 3h hz Oydz2 + 6h h hz Bmﬁyﬁz)f

*flh

_ 33 93f13 | 9%f13 2 o3f 2 2
o 8x3h + _h + 0z3 h +38m28yhxh +38m8y hah +38m28zh$h
352y hoh? + 3555 h2h, + 3555 hyh? + 6 hayhyh.,
+ 352527 T 95,752 +aa2 +888
Now we calculate the necessary partial derivatives:
ﬂ :2y2+z3, g—i = 4xy, % = 3z2%;
2f _ Pf _ f _ F*f _ f 9.2 *f
oxr2 — ay 41‘ 0z2 61}2’, Oxdy 4y’ Oxdz 3z ’ Oydz O’
°f _ 9°f _ 9°f _ _0°f —0 °f — 4 °f _ 0°f _
Ox3 = 0x20y = 0x20z ~ 0OxOydz oy20x — Oy® — Oy29z ~
2f a3f °f _
8228w 6Z 0220y O’ 023 6.

We substitute the point @ = (1, —1, 1) into these partial derivatives and then put them into the

7
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above formulas for total differentials:

d°f(1,—1,1)[h] = f(1,—-1,1) =3,
df(1,—1,1)[h] = 3h, — 4hy, + 3h.,
d?f(1,~1,1)[h] = 4h% + 6h% — 8hyhy + 6hyh.,
d*f(1,-1,1)[h] = 6h3 + 18h,h2 + 12h2h..

Finally, we substitute h= (r—1,y+ 1,z — 1) and form the Taylor polynomial:
T(z,y,2) =3+3(x—1)—4y+1) +3(z—-1) +2(y+1)?+3(z - 1) —4(z — 1) (y + 1)
+3x—D(z—-1)+(z-13+3x—1)(z—1)*+2(y+1)*(z - 1).

9. After transformation we obtain a new function f(s,t).
a) In order to differentiate with respect to s, we have to realize that in the expression f(z,y),
the variable s is included in both x and y after we do the transformation, that is, we have
f(z(s,t),y(s,t)). The general chain rule says that we have to explore both possibilities of getting
to s. Similarly we differentiate with respect to t.

9 tlay) = 8f8m+8f8y 8f 1 +3f t7

0s dx ds ' Oy ds Oz 2\/s Oy s>

9 (2,y) = of 0z Of oy _0+8f 1

ot dr Ot 8y ot oy s
b) There are two possibilities to solve this question.
1) Both derivatives that we look for are included in the above equations

af 1 8f t of

ds 25 0z s Oy

ot s Oy

and we can solve this system for them, obtaining

8_f 8 of 0 f _o \/_ 2t of

oy "ot \/_ ot
2) The second approach goes by reversing the procedure from part a). We start with function
f depending on s,t and we transform them into x,y. Mathematically, we consider the inverse
transformation to the one we were given, instead of (s,t) — (z,y) we will want to go (s,t) —
(x,y). This can be done easily by solving the system x = /s, y = t/s for s and ¢, we obtain the
formulas s = 22, t = 2%y.
Now we proceed as before using the chain rule.

9 of 9s  of o _9f ,  Of
x5 Yo an as Ut a2
0 of 9 of ot of
o = sy Taray T Y

People often prefer to have only s and t on the right in this situation, but this is easy using the
given transformations.

9 L 20f
ox _2‘/_ \/_at
9.,_9of
oy’ ot

We got the same answer as before.
The first approach seems easier, but the second approach will come handy in part ¢). However,
note that it depends on us being able to solve the two equations x = x(s,t), y = y(s,t) for s,t,

8
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which is not always possible.

c) Again, there are two possibilities corresponding to those in part b). One possibility is to take
the deduced derivative by y and differentiate it with respect to . We know that

of _ 29f

oy 7 ot
(note that we chose the version with 22, it makes the next calculation easier) and now we
differentiate by x. Note that % depends on s, t, which in turn depend on z,y. Thus we have a
product of two functions with z in them and we have to start with the product rule. Then we
apply the chain rule to af +(s,1):

2
aiéfy ax@g) a%(“’z'%):%(”32)'%+x2'%(%(8’“)

of ofy O0s 0 /0f\ Ot
T [83(87&) 5+ a1 (at) sl
_ 5. 0f °f O f .0 O f 5 O*f
=gt [858752 + g 2| =2y 2 g 2ty
To complete the question we have to substitute for x and y and get the transformation

1 °f  of 3 O2f
soe0y — Vior T (VE) g T \/_8152

2) What is the alternative? An approach that is longer but safer (we may not be able to find
those inverse transsforms) is similar to bl). We start with the equations deduced in part a), in
fact we may use just the second one,

of _19f

ot s Ay

and now we differentiate it with respect to s and also with respect to ¢, obtaining two equations.

02 —19f 1 9*f 0z  18°f0
f of |1 0°f ox 1070y

OOt s2 dy s Oxdy ds s Oy2 Os
62f 1 0%*f Ox 1 82_]”@
02 s Oxoy Ot | s Oy2 Ot

that is, after simplification and substitution for % from part 1),

*f —1 8f+1 0%f 1 1 0%f —t

9sot ot s 0zdy2y/s s Oy s
> _ 1 ﬁl
o2 s Oy? s

2
We solve this system for 8 8 , there is another unknown derivative, namely 2, but we have
two equations, so this is no problem we ehmlnate We get

O*f af
020y f +2\/_

Dividing by 2 we get exactly the same answer as before.

8t2

Note that we were lucky that in the equation for ‘g—{, only one partial derivative remained on

the right. In general we can expect both equations in part 1) to feature derivatives by = and y,

like the first equation does. The we would need to differentiate both equations by both s and
2 2 2

t, obtaining four equations with four unknown partial derivatives gxé , gy?: , aax oy and 8811 8’;, the

system then would have to be solved. So indeed, this procedure is longer, but as we remarked

before, more general.
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Bonus: We will find 88 Az . We start with

of of of
g g TG

and then calculate (similarly as above)

OT _ D (5,9 400y 2T) 2_<%)+2_f+2y8 (%)

dydx ~— Oy \"" Os Yot dy \ Bs ot ot
=2 (505 + ameay) * 5 T2V Gy + o 3y
:251:331;st + 2z %4—23: gif
Thus ,
%azaf faa{”f)ggtg +t\/_8t2'

If f is “nice”, the two mixed derivatives should be the same.

10. We have F(z,y) = sin(zy) + 2% + y?. We check that F(0,1) = 1, so the question makes
sense.

a) §5(0,1) = wcos(zy) +2y| _ o1 = 2. Since 95(0,1) # 0, by the Implicit Function The-
orem there is a function y(z) defined on some neighborhood of z = 0 such that y(0) = 1 and
F(z,y(x)) = 0.
b) We can use the Implicit Function Theorem to find y'(z), but it is easier just to differentiate
the given equation, keeping in mind that now y is a function of z. We get
sin(zy) + 22 +9y* =1
[sin(zy(2))]' + %] + [y(=)*]" = 1]
cos(zy) - [y +xy'] + 2z + 2y -y’ = 0. (%)
Substituting (0, 1) into it we get cos(0) - [14+0-¢'(0)] +0+2-3'(0) = 0, solving for y'(0) we get
y'(0) = —3.
We have the point (0, 1) and the slope y'(0) =
isy= —%(:L’—O)—{—l, that is, x + 2y = 2.
c) There are two possibilities. One is to take another derivative of the equation (x):
—sin(zy)ly + 2yl - [y + 2y'] + cos(xy) [y’ + ¢ + 2y"] + 2+ 20"y + 2yy” = 0.
Substituting z = 0, y = 1, and 3’ = —1, then solving for y”(0) we get y”(0) = —3.
Alternative solution: We can solve (%) in general for y':
2x + cos(xy)y
y'(z) = - (o)
2y + cos(zy)x

—%, consequently the equation of the tangent line

and then take the derivative:
J(z) = — 22 + cos(zy)y]’ - [2y + cos(zy)z] — [2z + cos(zy)y] - [2y + cos(zy)z]'
2y + cos(zy)x]?
2 — sinzy)(y + zy')y + cos(zy)y’ (22 + cos(zy)y)(2y’ — sin(zy)(y + zy)a + cos(zy))
2y + cos(zy)x [2y + cos(zy)x]?
Then we putinz =0,y =1,y = —% and it is done.
Obviously the first solution is preferable.

11. The equation can be written as F(x,y, z) = 0, where

F(x,y,z) = sin(xz) + sin(yz) — sin(zy).

10



MA2 Solved problems 2 pHabala 2021

a) For the function z(x,y) to exist, we need 88—1:(0, 1,7m) # 0. Here %—I; = x cos(xz) + ycos(yz),
SO %—5(0, 1,m) = —1 # 0, and the Implicit Function Theorem does the rest.

b) The given equation defines a level surface of F', so the normal vector can be found using gra-
dient of F'. We have VI = (—y cos(zy) + z cos(yz), —x cos(zy) + z cos(yz), x cos(xz) +y Cos(yz)) ,
son=VF(0,1,7)=(r—1,—m, —1).
The tangent plane is given by (7 — 1)z — 7w(y — 1) — (2 — ) = 0, that is,

(m =1z —7my—2z+ 27 =0.
Alternative solution: We will treat it as the question of finding the tangent plane to the graph
of z = z(x,y). The normal vector is then given as (2, 2,,—1). To find the partial derivatives,
we differentiate the given equation by = and by y, remembering that now z = z(z, y):

cos(zz)[z + xz,| + cos(yz)yz, = cos(xy)y
cos(xz)xzy + cos(yz)[z + yz,] = cos(xy)x
We substitute in (0,1, 7) and get 2,(0,1) =7 —1, 2,(0,1) = —m, thus 7 = (7 — 1, —m, —1) as we
had before.
__ 0z 0

Note that we used the handy shortcut 2, = 57, 2, = 8—2 to simplify the writing.
c¢) To find the second partial derivative, it is easiest to use the alternative solution of b). There
we differentiated the original equation by x, so we now differentiate that result by y to get the

desired z,,. Again, we have to remember that z = z(z,y), but now also z, = z,(z,y).
[cos(x2)[z + x2,] + cos(yz)yzm}y = [cos(zy)y] , =
—sin(zz)xzy [z + x25] + cos(z2)[zy + T2gy| — sin(yz) [z + yzy|yze + cos(yz)ze + cos(yY2)yzazy
= —sin(zy)zy + cos(zy).
We substitute in the point (0,1, 7) and also 2,(0,1) = 7—1, 2,(0,1) = —7 and solve the resulting
equation to obtain z;,(0,1) = 2 — 2.

Of course, we can also take the equation we obtained in b) by differentiating the given equation
with respect to y and then differentiate it by x, obtaining the same answer.
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