EM2 Solved problems 4 pHabala 2021

MAZ2: Solved problems—Functions of more variables: Integrals

Evaluate the following integrals:
1
1. /63323/2 + 6z + 6y dr and /6x2y2 + 6z + 6y dx,
0
cos(zy + 2z) dy,

eTYt22 7.

w
S —

4. Evaluate / / (x + 1)dA, where Q) is the finite region between the graphs of y = x? and

Q
y = ox + 6.

5. Find the average of the function f(z,y) = 2e*/¥ over the set
Q= {(z,y) € R* = <y <},

Change the order of differentiation in the following integrals:
3 82z

6./ / fx,y)dydx,

2 2

e¥

1
7.O/O/f(x,y)dxdy,
8. O/O/f(ac,y)dydx.

1 1
9. Evaluate // — ——— dA, where Q = (0,00) x (1,00). Try it both ways.
y x? +y?

Solutions:

1. We pretend that y is a constant, then
/6x2y2 + 6x + 6y dxr = y2/6x2dm+/6xdx+y/6dx _ y22x3 1 32 4 ybz+C

= 22°y* + 322 + 62y + C, z,y € IR.
Now it is easy to evaluate the definite integral, we have to substitute for x. It might be a good

idea to remind oneself using a suitable notation as follows.

1
=1

/6$292 + 67 + 6y dv = [2w3y2 + 32 + 6xy] = 2y° + 3 + 6y.

0
1

However, experienced integrators often just write [ . ] .
0

1



EM2 Solved problems 4 pHabala 2021

2. We pretend that x and z are constants, then

u=xy+ 2z 1 1
/cos(a:y +22)dy = |du = a%[:cy + 2z]dy = xdy | = /cos(u)— du = — /cos(u) du
dy = L du v v

1 1
:Esin(u)+C’z;sin(wy+2z)+C’, y,z € R, z #0.

3. Now we pretend that x,y are constants.

u=2xy+ 2z
1 S - +2
o du = 5-[vy +2z]dz = 2dz zy 1 1 qeyie 1 o1
e dz = dz = L du = e'=du=|=e" = —e™WT2 _ ZeY,
2 2 2 lay 2 2
0 z=1—u=xy—+2 oy
z=0—u=uxy

By the way, the indefinite integral is
1
/exy’% dz = Eemy‘wz +C, z,y,z € IR.

4. How does the region € look like? We check whether the curves intersect: z? = 5x + 6 implies
x = —1,6. We sketch the region (not to scale):

y
36 A
y=5x+6
<—y=x2
ol
1o x 6 %

x=—‘/y_ x=‘/y_

It is obvious that slicing this region vertically is preferable to horizontal slicing, since horizontal
slices would differ in kind depending on their positions.

A vertical slice is determined by a fixed value of x, moving up and down is done by changing

y. We will therefore integrate using dy with y ranging between y = z? and y = 5z + 6. Thus
546

integrating over this vertical slice leads to / (x 4+ 1) dy. Then we put all these slices together

x2

by another integration, where we “add” all x than determine our slices:
6 5146 6 52+6
/( / (x—l—l)dy) dm:/ / (x+1)dydz.
—1  z2 1 g2
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This double integral is now integrated in the usual way, from inside out.

6 5246 6 6
y=bx+6
//(a:—f—l)dydx:/[a:y—f—y] . da::/[x(5x+6)+(5x+6)]—[a:-mZ—i—xQ]da:
Z1 g2 Z1 e 21
; 4 1 11 6 1
— [ 42— 3411 :[_3__4 1l 9 ] _ L
/ x*—z° + 1l 4+ 6dx 3:(; 4:1: + 2:c + 6x » 200—1—12
21

How would it go if we decided to use horizontal slices? We move left and right by changing x, so
integrals over horizontal slices are done with respect to z, each slice is determined by choosing
y. If we choose y between 0 and 1, then in the corresponding slice x ranges between —,/y and
VY- If we choose y between 1 and 36, then x ranges between 1 (y — 6) and ,/y. Thus we get

1 VY 36 VY
// dxdy+/ / (x 4+ 1) dz dy.
0 —vy 1 (y—6)/5
Now we integrate'
36 VY 1 36
VY 1, VY
// r+1 da:dy+/ / (r+1)dxdy / —z? +IE dy—i—/[ x —1—4
2 (y—6)/5
1(y 6)/5 0 1
1
= 2@dy+ y+x/_——(y 6)* — 5(y—6)dy
0 1
4 3/2]1 [1 32 1 3 1 1
= |z -6 6 —200 —
[3y 0" 4y+3y 150 0 — gl -0 M7

You probably agree that it was harder this way. A wise choice of Shcmg can make a big difference.

5. What is the given region?

IN -y =Vx

1_

In order to determine the average we need to know two facts: The area of (2 and the integral
of f over (). The area can be also obtained using integration over €2, this time we integrate the
function 1. Here both vertical and horizontal slicing seem about the same from geometry point
of view (just one integral needed), so we try vertical slices ranging (for a given x) from y = x

to y = .
P / vz i 2 1 L1
Q)://ldydx:/[y]w dac:/\/f—xdx: §x3/2—§x2]0:6.
0 0 0

xT



EM2 Solved problems 4 pHabala 2021

Now we integrate the given function.

1 vz
//Zex/ydA://Zem/ydydx.
Q 0 z

We have a little problem, the integral / e®Y dy is very tough, one of those that can’t be

expressed using elementary functions. Fortunately there is an alternative, we may try horizontal
slicing and hope for better integrals. Given y, values of x on the corresponding horizontal slice
range from 2 = y2 to x = y (nice formulas, perhaps we should have done the area this way as

well). We get
1y
//Qem/ydA://Qem/ydxdy.
Q 0 42

This is much easier, we need to find / e/ dz, which is a standard integral that is best solved

using substitution. Eventually we will also need integration by parts.
x

'lU:Z
- dw:%dx -
//2em/ydA://2em/ydwdy: de = ydw ://2ewydwdy
Q 0 42 r=y—w=1 0y
=y w=y

x
1 1 1 1
w=1
:/[dew} dy:/Qey—deydy:e/dey—/deydy
w=y
0 0 0 0

1
1 1 1
S G R R
0

Thus the average is

i /261‘/@/ dA = 6e — 12.

)

6. First we need to determine the region 2 over which we integrate. The inside variable is y
that moves us up and down, this means that we follow vertical slices. Positions of these slices
are given by z, so the leftmost is on the line x = 2 and the rightmost on the line z = 3. From
the limits of the inside integral we see that given x, the corresponding vertical slice goes from
the curve y = 2 to the curve y = 8 — 2x, so () is the region between these two curves. We can
draw a picture.
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Changing the order of integration means switching to the other direction with slices (see picture
on the right). Horizontal slices are given by fixing some y between 2 and 4 (this will be the
outer integral), for such y the variable z ranges between z = 2 and z = (8 — y) (this we get
by solving the relation y = 8 — 2z for ). We get the integral

4 (8-y)/2

f(x,y) dxdy.
2 2

7. We start by determining the region of integration 2. The inside variable is z that moves us
left and right, this means that we follow horizontal slices, the lowest is on the line y = 0 and the
highest is at y = 1. Slices range from the curve z = 0 to the curve x = €Y, that is, y = In(x).
We can now draw it.

y y:l
. iy
¥~y =In(x)
0| /1 e x 0 x /1 X e x

To change the order of integration we switch to vertical slices, but the picture above clearly
shows that we then get two kinds of slices, in other words, we end up with two integrals: For x
between 0 and 1, vertical slices go from y = 0 to y = 1, for x between 1 and e vertival slices go
from y = In(x) to y = 1. We get

1

O/O/f(x,y)dydx+l/ / fz,y) dydz.

In(x)

8. We first determine the region of integration 2. The inner integral with working variable y
points to vertical slices, each slice stretches between curves y = 0 and y = z. We take slices for
all x > 0, the picture is now clear.

y y =x

¢

Changing the order of differentiation corresponds to taking the other slices, that is, horizontal
ones (see the picture on the right). To cover the whole © we need to take horizontal slices
all the way to infinity, that is, positions are given by y from (0,00). For a chosen y then the
corresponding slice lets x range between the curve x = y and infinity. Here comes the integral.

O/y/f(:v, y) dz dy.

9. Since the region is a rectangle,
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0 X
both integrals will have constant limits of integration and we can order them any way we wish.

1) We start with vertical slicing, which corresponds to the inner integral using y.

//fxydA //yx2+y dy da.

1
We need to figure out / dy, this calls for partial fractions, x will be a parameter

ya2+y
there:
1 A By+C o
/ﬁd«y: Ay Bt Qoo 2
y(y* +2?) y oyt y oyt
B dy 1 1/ 2ydy | z2=y*+2?| 1 dz
_$2 y 222 ) 2422 |dz=2ydy _mQ 212 z
= ln\y| —1n|y —|—x2|—|—C'——ln|y ]——1n|y —|—332|+C’

1 y2
= 1 ( ) C.
922 " y? + x? *

Since our integral is improper, it was advisable to express the antiderivative in a compact way.

Now we can evaluate
00

11 11 y2 e o1 1 1 1
y 22 + 42 dy = [2:1:2 1n<y2 +x2)]y:1 N ylggo<2x2 111(1 + ﬁ)) 222 ln(l —I—a:2>
1 y?

1
= —In(1)+ = In(1 +2?%) = Y In(z? + 1).

Tl T,
//f(:z:,y)dA-//;$2+y2dydx—/?ln(a: +1)dx
01 0

This calls for integration by parts.
1 1 2
=5 1n(a:2—|—1)—/—— x

1 f=Inz?+1) ¢ =5
—In(z®> + 1) dx = 222
/2:E2 n(z+1)dx = 3':22_:?_1 g= _L T 20 2+ 1

1 da: 1
- In(z®+1
5 n(z* + )-l-/

per il In(z? + 1) + arctan(z) + C.

Therefore

//fx y)dA = [arctan( ) — In (x2+1)}0

= lim (arctan(w) - M) — lim (arctan($) - W_"’U)

T—00 2 z—0t 2x

6
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<ln(.r2 + 1))

= In(z® + 1))

7T
= — — lim
2 2z

T— 00

-0+ lim(

z—0t
T

— T _ lim (2—$>+ lim (2—9”) =T _04+0="2
'H 2 z—o0o\2(z2+1) z—0+ \2(z2 4+ 1) 2 2
Wow, that was some integral. A nice review of basic integrating techniques.
2) Now we try horizontal slicing.

dA = - sdrdy= [ - dx dy.
/f(x’y) //yw v /y/w2+y2 v
Q 1 0 1 0

The inside integral / —_—
x? + a?
remember may use the recommended indirect substitution.

is standard, some people even remember it. Those who do not

[ee] o0 %)
de dr = ydt _ [ _ydt 1
224+y2 | z=0—t= 22 ry2 oy
0 r=00H1t=00 0 0
t=00 1 1
= [— arctan(t)] = lim (— arctan(t)) —-0= T2
t=0 t—o00 Y 2 Y

Therefore

This way it seems a bit easier.



