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MA2: Cviéné piiklady—Funkce vice proménnych: Integraly
Struc¢na reseni

12 1 1
2 1
1. //6xy+2:c+2ydydx—/[3xy2+2xy+y2} dx—/16x+4dxda;— [83:2—1—437] =12.
0 0
0 0 0 0

2 1 2 2
1 2
Alternativa: //6xy+2:n+2yd$dy=/[3$2y+$2+2$9} dy:/5y+1dl‘= [ngWLy} = 12.
0 0
0 0 0 0
T 27 z _31’—{—3/ 7 27
//3sm 3z +y)dydr = |dz = y[3x+y]dy _/{—3005(3x+y)} dx
dz = dy 0 0

= / —3cos(3z + 27) + 3cos(3x) dx = [— sin(3z + 2m) + si1r1(3fc)];T =0.
0

Poznamka: Vlastné cos(3z + 27) — cos(3x) = cos(3z) — cos(3z) = 0.

2T 3(L’ + y 27 -
Alternativa: //3 sin(3zx + y) de dy = dz = [33@ +yldx| = /[ cos(3z + y)} dy
dz = 3da ; 0

27
2m
= / —cos(3m +y) + cos(y) dy = [— sin(37 +y) + sin(y)} . = 0.
0

1 2 5 = xy 1 1
3. //xsm xy)dydr = |dz = % :/ — cos a:y :/—cos (2mzx) + cos(0) dx
0 0 dz = xdy 0 0
1
/1 — cos(2mx) dx = [:r — = sm(27rx)} =1
0
0
2r 1 f ( ) 2 L
) x ¢ =sin(ay [T E
Alternativa: //xsm xy) dx dy = ‘f’ | g= —lecos(xy)‘ = /{ ;T cos(zy) + 2 sin(zy) Ody
00

27

= / o7 sin(y) —  cos(y) dy,
0
a mame problém, [ % cos(y) dy je jeden z téch integralii, které nelze vyjadfit pomoci vzorce s elementarnimi

funkcemi.
12 1
= T =zxe”V
4. //m2 Ydy dx = ‘f’ a:y gg—e””y = 8y xy / xye*Y da;
0 0 =z dy 0

d

dz

; 1 1
2 2* —egx—l—lda::/lre%dm / 1—e®*dx = [xe%} —/262xdl‘+ [w—%e%}

0

0

Il
o—_

o

f=a* g =ye| _
ff=2x g=¢e"¥

2 1
Alternativa: //332 eVdx dy =
0 0

f=2z ¢ =¢€"
A

Toto neni pékny 1ntegral prvni zpusob je lepsi.

1
ey — [2331 ety — 2 ewy} dy = [e¥ —
f Y o2 0 ) f

ot
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/1 z—y +22+1 ! 1 1
s dydr = |dz = O 142 4+ 22 + 1] dy :/[—1] dx
1 2 oy 2

s +a? +y?) dz = 2y dy o
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11
Alternativa: / / 2 dac dy
1422 +y?)
0

0
, A
Integral @21 B) dx je velmi nepfijemny, prvni pfistup je lepsi.

1 oo 1 oo 1 00
1 1
6. dx = dydr = dyd
//1+x2+y 2 4 x2y? dy dz // (1 + z2)y? +(1+$2) o /$2+1/y2+1 Yo
0 0 0 0 0 0
1 1
1
= 21 arctg
0 0
(o olNe o) o0 o0 [ee] o o .
7. //e‘z_ydydaf:/e‘m/e_ydydx:/e_z[—e_y] da::/e_z‘ldx: [—e_x} =1.
0 0
0 0 0 0

0 0

1 2

g = [g arctg(:c)}o = .

o 0O
Bonus: Co kdybychom méli / / e=v v dy dz? Pak méme prusvih, protoze vime, Ze primitivni funkci

00
2 e 7 v 7z 7’ Ve . . . . 7’ v
k e7¥ nelze vyjadfit pomoci vzorce s elementarnimi funkcemi. Je tu ale zajimavy trik. Je znamo, Ze

—22/2 _ > —y? _ z = ﬂy _ e~ /2

_ooe dz = V2mw. Proto /_Ooe dy = o :\/idy‘ = f/ = /7. Ze symetrie
/ eV’ dy— . Proto

OOO o0 o o o o

//6_1’2_742 dydx—/ / Y dydx—/‘/je_ :{/ =

0 0 0 0 0

Pro obrazky 2 z 8-15 viz nize.

8 Sv1sle fezy vypadap pfirozené.
1

1
//33:3er dydx = /[3x2em’] dx = /3 267 _ 32267 g = {3x26r 61 e +6e% — et =2 —14e7 !
-1
21 42 21 21

9. Svislé Tezy se zdaji lepéi
2 27mx

2
271'1‘
//a: sin(zy dyd;v—/[ mcos(my)] / x cos(2m2?) + x cos(mx?) da
1

= {—— sin(27z?) + ot sin(7x )}j =0.

10. Prusec1ky (1,-2), (2,1). Vodorovné fezy jsou nejlepsi.

1 V592 1
1
/ / 9y dx dy / dy—/9y 5—y2-3y —15ydm_[ 3(5—y2)3 2P —10y?| = 15
(y+5)/3 —9
=2 (y+5)/3

11. Pruseciky: (1,1), (3,3), (4,2). Je to trojuhelnik.

3 x 4 x 3 4
//9xdyda:+/
3

60—
/ 9:cdyd:z—/[9x da:+/ dx
(z+2)/3 (w+2)/3
1 (z+2)/3 (z+2)/3 1
3

3
4
/9x2—3x(a:+2)dx+/9x(6—x)—3x(m+2)dm:/6x —6xdx+/48x—12x2da:
3 1 3

1
3
[23:3 — 31‘2:|

4
i [24352 _ 43:3] — 48,
1

3
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Alternativa:

2 3y—2 3 6—y 2 3
3y 2

//Qxd:vdy—i—//Qxd:):dy:/ g:v dy+/ %x

1 2y 1 2

[\

3
2 3
- /36y2 — 54y + 18dy + / 162 — 54y dy = [12y3 —om? 18y} n [162y - 27y2} — 48.
1 2
2

=

12. Trojuhelnik s vrcholy (0,0), (0,2), (1,2).

1 2
Svislé fezy: / / (4ey2 + 8373/) dy dzx.
0 2z

. . e, . 2 l que . : . ,
My ale vime, Ze primitivni funkci k e¥ nelze vyjadrit vzorcem s elementarnimi funkcemi, takze to neni
dobry néapad.

Vodorovné fezy:

2 y/2 2
2 2 2 z=y/2 2 3 2 1 4 2 4
4e¥ 4+ 8xrydrdy = [46y T+ 4z y] dy= [ 2ye¥Y +y°dy = {ey —l—zy] =e" + 3.
=0 0
0 0 0

13. Trojuhelnik, vrcholy (0,0), (3,0), (0, 3).
Svislé fezy:

[ [l [0

Vodorovné fezy:

T

8 \Qd
[}

3
1z 3+%xdmz[%ln|x!—3x+%x2 = 0.
0

o,

w

Yy

3 3
//yd /yln]:}:\ dy—/oody Takto to neptujde.
x
0 0 0

14. Svislé fezy:

//e_r_y dy dx = /[—e_w_y}jdx = /—O +e 2 dy = [_%6_230}:)0 =3-0=3.
0 0 0
Vodorovné fezy:
0o Y 00 %S
//e_r_y dx dy = /{—e_w_y}zdy = /—6_2y +e Ydy= [%6_23/ - e_y}zo =0-5+1=3.
00 0 0
15. Svislé fezy:
0o 1/Vz 0o oo
/ / Sy / Uf —/Qda::[—4]oo:—0+4:4.
“1/Vz xr3/2 vz g
1 -1/va ! !
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Pro obrazky €2 z 16-21 viz nize.

/2 sin(x)

17./ / Fy) dy da. 18. /11//
0 1

0 2z/m

—_

2—y

1 3
20.0//f(x,y)dxdy. 21.0/

Yy

y+

y/3
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f(z,y) dx dy.
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