ODE Practice problems 4 pHabala 2019
ODE: Practice problems—Linear differential equations

1. For each of the following left-hand sides with constant coefficients
a) y" — 4y’ + 3y; b) v’ — 2y + 5y; c) y" —4y" +13y'; d) y™® +9y”
guess using the method of undetermined coefficients the general form of a particular solution

(you do not have to determine the actual coefficients) for all the following special right-hand
sides:

a) (z+1)e3%; B) x? + 1; v) 12sin(3x);
§) (22 — 3)e?e; g) 2e”sin(2x) + (x — 1)e® cos(2x).

Find general solutions of the following equations:

2.y — 2y = 2e” —1; 5. y" +4y =1+ 2sin(2z);
3. 2 — 32’ + 2z = sin(t) — tcos(t) — 1; 6. y" -2y =2z —1+we”;
4. ¢ — 3z’ + 2z = 2et + 262 — 1; 7. y" — 2y =5sin(z) + 10 cos(z) — 8 cos(2x).

Solve the following initial value problems (Cauchy problems):
8.y — 2y =2e** —5cos(x) +6,  y(0)=2,¢(0)=2;
9.y =Ty +12y =" + 120 -19,  y(0) =0, y'(0) = 5;

10. vy’ — 6y’ + 9y = 4e® 4+ 9z + 12, y(0) =2, ¢/ (0) = —1;
11. y” — 4y’ + 5y = 8sin(x) + 25z, y(0) = 5, ¥/ (0) = 6;
12 ¢y — Ay —dy =6e" —dz,  y(0) = =3, 5/(0) =1, 4"(0) =

13. z” — 22’ = 2sinh(2t), z(0) = —4, 2/(0) = 1;

14. y” — 4y = 13sin(3x) — 5 cos(x), y(0) =3, ¥’ (0) = 1;

15. v + 4y = 9tsin(t) — be', y(0) = =3, y'(0) =

16. 3" =3y +2y = 2z + (7* + 572 +4) sin(nx), y(1) = 2 —3m+e, /(1) =1—-7(2—72) +e;
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17. &+ x = sin(t) + e’ sin(t), z(0) = -2, ©(0) = 2.
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Solutions
1.
a: Left-hand side 3" — 4y’ + 3y = - --: Char. pol. p(\) = A2 — 4\ + 3, char. numbers A = 1, 3.
aa) vy’ — 4y’ + 3y = (z + 1)’ Left-hand side: A =1, 3;

right-hand side: degree of polynomial is 1, no sines/cosines, hence A = 3 + 0i = 3, match
with the left-hand side of multiplicity m = 1, thus we guess

yp(z) = 21 (Az + B)e>® = (Ax? + Bx)e®®.

af) y' —4y +3y=a2>+1: Left-hand side: A =1, 3;

right-hand side: degree of polynomial is 2, no exponentials nor sines/cosines, hence

A =0+ 0i = 0, no match with the left-hand side, thus we guess y,(z) = Az* + Bz + C.

ay) v’ — 4y’ + 3y = 12sin(3x): Left-hand side: A =1, 3;

right-hand side: degree of polynomial is 0, no exponentials, hence A = 0 + 37 = 37, no match
with left-hand side, thus we guess y,(z) = Asin(3z) + B cos(3x).

ad) y" — 4y’ + 3y = (2% — 3)e?*: Left-hand side: A =1, 3;

right-hand side: degree of polynomial is 2, no sines/cosines, hence A = 2 + 0i = 2, no match
with left-hand side, thus we guess y,(z) = (Az? + Bz + C)e?®.

ac) vy’ — 4y’ + 3y = 2e” sin(2z) + (z — 1)e” cos(2x): Left-hand side: A =1, 3;
right-hand side: Both exponential and (co)sine, so A = 1 + 2¢, match, hence m = 0; max.
degree of polynomial is d = 1; we thus have y,(z) = e*[(Az + B) sin(2z) + (Cx + D) cos(2z)].
b: Left-hand side y” —2y’ +5y = ---: Char. pol. p(A\) = A2 —2\+5, char. numbers \ = 1+2i;
ba) vy’ — 2y + 5y = (x + 1)e3%: Left-hand side: A =1 =+ 24;

right-hand side: degree of polynomial is 1; we have A = 3 4 0 = 3, no match with left-hand
side, thus we guess y,(z) = (Az + B)e?*.

bB) y" — 2y + 5y = 2% + 1: Left-hand side: A\ =1 + 24;

right-hand side: degree of polynomial is 2, we have A = 0 4 0 = 0, no match with left-hand
side, thus we guess y,(z) = Az? + Bz + C.

bvy) v’ —2y' + by = 12sin(3x): Left-hand side: A\ =1 + 2i;

right-hand side: degree of polynomial is 0; we have A = 0 + 37 = 37, no match with left-hand
side, thus we guess y,(z) = Asin(3z) + B cos(3z).

bd) y" — 2y + by = (22 — 3)e2*:

Left-hand side: A = 1 &£ 21;

right-hand side: degree of polynomial is 2, we have A = 2 4+ 0¢ = 2, no match with left-hand
side, thus we guess y,(z) = (Az? + Bx + C)e*®.

be) y" — 2y' + by = 2e” sin(2x) + (x — 1)e” cos(2z): Left-hand side: A = 1 4 24;
right-hand side: maximal degree of polynomial is d = 1; we have A = 1 + 2¢, match with left-
hand side of multiplicity m = 1; thus we guess y,(z) = z'e*[(Az+ B) sin(z)+(Cz+ D) cos(z)]
= e*[(Ax? + Bx)sin(2z) + (Cx? + Dx) cos(2x)].

c: Left-hand side y"”” — 4y” + 13y’ = ---: Char. pol. p(A) = A\* — 4)\? + 13\, char. numbers
A=0,2 4+ 3i:
ca) y" — 4y’ + 13y = (z + 1)e3%: Left-hand side: A = 0,2 =+ 33;

right-hand side: degree of polynomial 1; we have A = 3 4+ 0 = 3, no match with lweft-hand
side, thus we guess y,(z) = (Az + B)e®*.

cB) y" —4y" + 13y’ = 2? + 1: Left-hand side: A = 0,2 = 3i;

right-hand side: degree of polynomial is 2; we have A = 0+ 0¢ = 0, match with left-hand side
of multiplicity 1, thus we guess y,(z) = z'(A2? + Bz + C) = Az3 + Bxz? + Cxz.

cy) v — 4y" + 13y’ = 12sin(3x): Left-hand side: A = 0,2 =+ 3i;
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right-hand side: degree of polynomial is d = 0; we have A = 0 + 3¢ = 3¢, no match with
left-hand side, thus we guess y,(z) = Asin(3z) + B cos(3z).

cd) " — dy" + 13y = (2 — 3)e?=: Left-hand side: A = 0,2 =+ 3i;

right-hand side: degree of polynomial is 2; we have A = 2 4 0i = 2, no match with left-hand
side, thus we guess y,(z) = (Az? + Bz + C)e*®.

ce) vy — 4y" + 13y’ = 2e” sin(2x) + (z — 1)e” cos(2x): Left-hand side: A = 0,2 + 3i;
right-hand side: max. degree of polynomial is d = 1, we have A = 1 + 2i¢, no match with
left-hand side, thus we guess y,(z) = e*[(Az + B) sin(2x) + (Cz + D) cos(2z)].

do) Left-hand side: y®* 4 9y” = -- -

Char. pol. p(\) = A* + 92, char. numbers A = 0 (2x), 3i;

da) y@® +9y" = (z + 1)e3: Left-hand side: A =0 (2x), £3i;

right-hand side: degree of polynomial is 1; we have A = 3 + 0¢ = 3, no match with left-hand
side, thus we guess y,(r) = (Az + B)e3®.

dB) yW +9y" =22 + 1: Left-hand side: A = 0 (2x), £34;

right-hand side: degree of polynomial is 2; we have A = 0+ 0¢ = 0, match with left-hand side
of multiplicity m = 2; thus we guess y,(z) = 2%(Az? + Bz + C) = Az* + Ba3 + C2?.

dy) y™® + 99" = 12sin(3z): Left-hand side: A = 0 (2x), £3i;

right-hand side: degree of polynomial is 0; we have A\ = 0 + 3i = 3¢, match with left-hand
side of multiplicity m = 1; thus we guess

Yp(x) = 2! [sin(3 - ) + B cos(3 - )] = Az sin(3x) + Bz cos(3z).

dé) y@ +9y" = (22 — 3)e*: Left-hand side: A = 0 (2x), £3i;

right-hand side: degree of polynomial is 2; we have A = 2 4 0i = 2, no match with left-hand
side, thus we guess y,(z) = (Az? + Bz + C)e*®.

de) y + 9y” = 2e® sin(2z) + (z — 1)e® cos(2x): Left-hand side: A =0 (2x), +3i;
right-hand side: max. degree of polynomial is d = 1; we have o = 1 + 2¢, no match with
left-hand side, thus we guess y,(z) = e*[(Az + B)sin(2z) 4+ (Cx + D) cos(2x)].

2. Left-hand side is linear with constant coefficients. Char. pol. p(A) = A3 — 22, char.
numbers A = 0 (2x),2; fund. syst. {1, x,e2*}; general solution of homogeneous equation is
yn(z) = a+bx+ce*®, x € R.
Right-hand side is special, in fact it is a combination of two special right-hand sides.
e 2¢”: d =0; A =1+ 0i =1, no match, hence y;(z) = Ae”.
e —1: d=0; A =0+ 0 = 0, match with left-hand side of multiplicity m = 2; hence
yo(x) = 22C = Cx?.
Guess particular solution of the form y,(z) = y1(x) + y2(z) = A e® + Cx?, substitute into the
given equation and obtain
—Ae* —4C =2¢"— 1,50 A=-2,C =1,
general solution is y(z) = yp,(z) + yn(z) = J2% — 2¢” + a+ bz + ce**, z € RR.

3. Left-hand side is linear with constant coefficients. Char. pol. p(A) = A2 — 3\ + 2, char.
numbers A = 1,2; fund. syst. {e?, e*'}; general solution of homogeneous equation is

zp(t) =aet +be*, t € R.

Right-hand side is special, in fact it is a combination of two special right-hand sides.

e sin(t) —tcos(t): d =1; A =0+ 1i = ¢, no match with left-hand side, hence

x1(t) = (At + B)sin(t) + (Ct + D) cos(t).

e —1: d=0; A =0+ 0i =0, no match with left-hand side, hence z2(t) = E.

Guess particular solution of the form

zp(t) = x1(t)+22(t) = (At+B) sin(t)+ (Ct+ D) cos(t) + E, substitute into the given equation
and obtain

[(B—3A+3D—-2C)+ (A+3C)t]sin(t) + [(D —3B — 3C 4+ 2A4) 4+ (C — 3A)t] cos(t) + 2E
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= sin(t) — tcos(t) — 1,
hence B—3A+3D—-2C=1,A4+3C=0,D—-3B—-3C+2A=0,C—-3A=—-1,2F = —1,
so A= 1—%, B = %, C= I—Ol, D = %, E= —%, general solution is
z(t) = zp(t) + zn(t) = (St + 52) sin(t) + (5 — 15t) cos(t) — 5 +ae’ +be*, t € R.
4. Left-hand side is linear with constant coefficients. Char. pol. p(A) = A2 — 3\ + 2, char.
numbers A = 1,2; fund. syst. {e?, e?*'}; general solution of homogeneous equation is
zp(t) =aet +be?* t € R.
Right-hand side is special, in fact it is a combination of two special right-hand sides.
e 2¢t: d=0; A =1+ 0i = 1, match with left-hand side of multiplicity 1, hence
x1(t) = t[Ae'] = Atel.
e 2t2 —1: d=2; A\ =0+ 0i = 0, no match, hence z5(t) = Ct? + Dt + E.
Guess particular solution of the form x,(t) = z1(t) + x2(t) = Ate! + Ct?> + Dt + E, substitute
into the given equation and obtain

—Aet + (2C — 3D + 2E) + (2D — 6C)t + 2Ct? = 2¢t + 2% — 1,

so A=-2,2C—-3D+2FE=-1,2D—-6C =0,C =1, hence £ =3, D = 3, general solution
is z(t) = xp(t) + zp(t) = —2te! + 1> + 3t + 3+ ae' +be®, t € R.

5. Left-hand side is linear with constant coefficients. Char. pol. p(\) = A2 +4, char. numbers
A = +2i; fund. syst. {sin(2x), cos(2x)}; general solution of homogeneous equation is

yn(x) = asin(2zx) + beos(2z), = € IR.

Right-hand side is special, in fact it is a combination of two special right-hand sides.

e 1: d=0; A =0+ 0i =0, no match with left-hand side, hence y; (z) = A.

e 2sin(2x): d = 0; A = 0 + 2¢ = 24, single match with left-hand side, hence

ya2(z) = z[C'sin(2z) + D cos(2z)].

Guess particular solution of the form y,(x) = y1(z) + y2(z) = A+ Cxsin(2z) + Dx cos(2z),
substitute into the given equation and obtain

4A 4 (—4D)sin(2z) + (4C) cos(2z) = 1 + 2sin(2z),s0 A= 1, C =0, D = —1,

general solution is y(z) = y,(z) + yn(z) = 7 — 2z cos(2z) + asin(2z) + beos(2z), © € R.

6. Left-hand side is linear with constant coefficients. Char. pol. p(A) = A2 —2), char. numbers
A = 0,2; fund. syst. {1,e2*}; general solution of homogeneous equation is
yn(r) =a+be**, z € IR.
Right-hand side is special, in fact it is a combination of two special right-hand sides.
e 2r—1: d=1; A =0+ 0i = 0, single match with left-hand side, hence
y1(z) = z(Az + B) = Ax? + Bu.
exe”: d=1; A =1+ 0i = 1, no match with left-hand side, hence y,(z) = (Cz + D)e”.
Guess particular solution of the form y,(z) = y1(x) + y2(z) = Ax? + Bz + (Cx + D)e?,
substitute into the given equation and obtain
[(2A —2B) — 4Ax] + [-Cz — D]e* =2z — 1 + z €”,
so2A—-2B=—-1, A= —%, C =—-1, D =0, hence B = 0, general solution is
y(x) = yp(z) + yn(z) = —32% —ze” +a+be*, z € R.

7. Left-hand side is linear with constant coefficients. Char. pol. p(\) = A2 —2), char. numbers
A = 0,2; fund. syst. {1,e2*}; general solution of homogeneous equation is

yn(z) =a+be**, z € R.

Right-hand side is special, in fact it is a combination of two special right-hand sides.

e 5sin(z) + 10cos(x): d =0; A = 0+ 17 = i, no match with left-hand side, hence

y1(z) = Asin(z) + B cos(x).

e —8cos(2x): d =0; A =0+ 2 = 2i, no match with left-hand side, hence

ya2(z) = C'sin(2x) + D cos(2x).

Guess particular solution of the form



ODE Practice problems 4 pHabala 2019

yp(x) = y1(x) +y2(z) = Asin(z) + B cos(z) + C'sin(2x) + D cos(2z), substitute into the given
equation and obtain
[2B — A]sin(z) + [-2A — B] cos(x) + [4D — 4C]sin(2x) + [-4C — 4D] cos(2x)

= 5sin(z) + 10 cos(z) — 8 cos(2x),
hence 2B—-—A =5, -2A—-B=10,4D—-4C =0, -4C—-4D = -8,s0 A= —-5,B=0,C =1,
D = 1, general solution is y(z) = —5sin(z) + sin(2z) + cos(2z) + a + be**, x € IR.

8. Left-hand side is linear with constant coefficients. Char. pol. p(A\) = A2 —2), char. numbers
A = 0,2; fund. syst. {1,e2*}; general solution of homogeneous equation is
yn(z) =a+be**, x € R.
Right-hand side is a combination of three special right-hand sides.
e 2¢%%: d = 0; A = 2, match of multiplicity m = 1 with left-hand side, hence correction,
y1(z) = Az e*.
e —5cos(x): d = 0; A =i, no match with left-hand side, hence y2(x) = B cos(z) + C'sin(z).
e 6: d = 0; A\ = 0, match of multiplicity m = 1 with left-hand side, hence correction,
ys3(z) = Dx.
Guess particular solution of the form
yp(z) = y1(x) + ya2(x) + y3(z) = Az e** + Bcos(z) + C'sin(z) + Dz,
substitute into the given equation and obtain

2A€%* + [-B — 2C] cos(z) + [2B — C]sin(x) — 2D = 2¢2* — 5cos(x) + 6,
hence 2A =2, -B—-2C = -5,2B—-C=0,-2D=6,s0 A=1,B=1,C =2, D = -3,
general solution is
y(@) = yp(x) + yn(z)
Init. conditions: y(z)

=z e?® + cos(z) + 2sin(x) — 3z + a+ be?®, z € IR.

= ze?® + cos(z) + 2sin(z) — 3z + e**, v € R.

9. Left-hand side is linear with constant coefficients. Char. pol. p(\) = A2 — 7T\ + 12,
char. numbers A\ = 3,4; fund. syst. {e3%,e%®}; general solution of homogeneous equation is
yn(z) = ae3® +bet” z € R,

Right-hand side is a combination of two special right-hand sides.

o ¢ d = 0; A\ = 4, match of multiplicity m = 1 with left-hand side, hence correction,

y1(z) = Az et®.
e 122 — 19: d = 1; A = 0, no match with left-hand side, hence y2(z) = Bx + C.
Guess particular solution of the form y,(z) = y1(x) + y2(z) = Az e® + Bz + C, substitute
into the given equation and obtain
Ae'® +12Bx + [-7B + 12C] = e'® + 122 — 19,
tedy A=1,12B =12, —=7TB+12C = —19, so B =1, C' = —1, general solution is
y(x) =yp(x) +yn(z) =z + 2 —1+ae’ +be'®, x € IR.
Init. conditions: y(z) = re** + 2 —1+¢e3*, x € R.

10. Left-hand side is linear with constant coefficients. Char. pol. p(\) = A2—6A+9 = (A—3)2,
char. numbers A = 3 (2x); fund. syst. {€3%, x €3%}; general solution of homogeneous equation
is yp(r) = ae3® + bred®, x € IR.
Right-hand side is a combination of two special right-hand sides.
e 4¢”: d = 0; A = 1, no match with left-hand side, hence y; (z) = Ae”.
e 9z + 12: d = 1; A = 0, no match with left-hand side, hence y(x) = Bz + C.
Guess particular solution of the form y,(x) = y1(x) + y2(z) = Ae® + Bz + C, substitute into
the given equation and obtain
4Ae” +9Bx + [-6B + 9C| = 4e” + 9z + 12,
hence 4A =4,9B =9, 6B +9C =12,s0 A=1, B=1, C = 2, general solution is
y(x) =yp(x) +yn(z) = e* + 2+ 2 +ae3® +bre3®, z € R.
Init. conditions: y(z) =z + 2 +e* — 3%, x € IR.
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11. Left-hand side is linear with constant coefficients. Char. pol. p(A) = A2 — 4\ + 5,
char. numbers \ = 2 £ 4; fund. syst. {e?? cos(z), €?* sin(z)}; general solution of homogeneous
equation is yp(z) = a e®® cos(z) + be?** sin(x), r € IR.
Right-hand side is a combination of two special right-hand sides.
e 8sin(z): d = 0; A = 7, no match with left-hand side, hence y; () = Acos(x) + B sin(x).
e 25x: d = 1; A = 0, no match with left-hand side, hence y3(x) = Cx + D.
Guess particular solution of the form y,(z) = y1(z) + y2(x) = Acos(z) + Bsin(z) + Cz + D,
substitute into the given equation and obtain

[4A 4+ 4B] cos(x) + [-4A + 4B] cos(z) + 5Cx + [—4C + 5D] = 8sin(z) + 25z + 0,
hence 4A + 4B =8, —4A+4B =0, 5C =25, —4C +5D =0,s0 A=1, B =1
D = 4, general solution is
y(z) = cos(z) + sin(z) + 5x + 4 + a €2® cos(x) + be** sin(x), x € IR.
Init. conditions: y(x) = cos(z) + sin(x) + 5z + 4, = € IR.

12. Left-hand side is linear with constant coefficients. Char. pol. p(A) = A3 + A2 —4)\ —4 =
(A+1)(A—2)(A+2), we guess one root, say, A = —1, then by division p(\) = (A\+1)(\%2 —4).
char. numbers A = —1,2, —2; fund. syst. {e™%,e?%,e72%}; general solution of homogeneous
equation is y,(z) =ae ® +be?* +be ?*, x € R.
Right-hand side is a combination of two special right-hand sides.
e 6¢”: d = 0; A = 1, no match with left-hand side, hence y;(z) = Ae”.
e —4z: d =1; A = 0, no match with left-hand side, hence y2(x) = Bx + C.
Guess particular solution of the form y,(x) = y1(x) + y2(z) = Ae® + Bx + C, substitute into
the given equation and obtain

—6Ae” —4Bx + [-4B — 4C] = 6e” — 4z 4 0,
hence —6A =6, —4B = —4, —4B —4C =0,s0 A= —1, B =1, C = —1, general solution is
y(@) =yp(z) +yn(z) = e+ —1+ae ®+be** +ce 2, z € R.
Init. conditions: y(z) = yp(z) + yn(x) = —1—€e* —e ", z € R.

13. Left-hand side is linear with constant coefficients. Char. pol. p(A\) = A% — 2\, char.
numbers A = 0, 2; fund. syst. {1, e?'}; general solution of homogeneous equation is
rh(t)=a+be*, t € R.
The given right-hand side is not special, but rewritten as 2sinh(2t) =
it is a combination of two special right-hand sides.
e c?: d = 0; A\ = 2, single match with left-hand side, hence 1 (t) = t}[A e?!] = At e*.
e ¢72t: d = 0; A = —2, no match with left-hand side, hence x5(t) = Be™ 2.
Guess particular solution of the form z,(t) = x1(t) + z2(t) = Ate?' + Be™2, substitute into
the given equation and obtain

24e* +8Be =2 —e? so A=1 B=—
general solution is x(t) = z,(t) + z(t) = 2t e* — 1 e +a+be*t E R.

Init. conditions: z(t) = %t e?t — %6_% - %7 te B

e?t —e?t it is, in fact

14. Left-hand side is linear with constant coefficients. Char. pol. p(\) = A% —4, char. numbers
A\ = £2; fund. syst. {e~2%,e2*}; general solution of homogeneous equation is
yn(x) =ae*® +be 2 z € R.
Right-hand side is a combination of two special right-hand sides.
e 13sin(3x): d = 0; A = 3i, no match with left-hand side, hence
y1(z) = Asin(3z) + B cos(3x).
e —5cos(x): d=0; A\ =1, no match with left-hand side, hence y2(x) = C'sin(x) + D cos(x).
Guess particular solution of the form
yp(x) = y1(x) +y2(z) = Asin(3z) + B cos(3z) + C'sin(x) + D cos(z), substitute into the given
equation and obtain

(—13A) sin(3x) 4+ (—13B) cos(3x) + (—5C) sin(x) 4+ (—5D) cos(x) = 13sin(3z) — 5 cos(z),
so A=—-1,B=0,C =1, D=0, general solution is
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y(x) = cos(x) — sin(3z) + ae®® + be 2, z € IR.
Init. conditions: y(x) = cos(z) — sin(3z) + 2¢%*, z € IR.

15. Left-hand side is linear with constant coefficients. Char. pol. p(\) = A2+4, char. numbers
A = £2¢; fund. syst. {sin(2t), cos(2t)}; general solution of homogeneous equation is
yn(t) = asin(2t) + beos(2t), t € R.
Right-hand side is a combination of two special right-hand sides.
e 9tsin(t): d = 1; A = i, no match with left-hand side, hence
y1(t) = (At + B)sin(t) + (Ct + D) cos(t).
e —5¢': d =0; A = 1, no match with left-hand side, hence y>(t) = E €.
Guess particular solution of the form
yp(t) = y1(t) + y2(t) = (At + B)sin(t) + (Ct + D) cos(t) + E e, substitute into the given
equation and obtain
3B — 2C + 3At]sin(t) + [3D + 2A + 3Ct| cos(t) + 5Et" = 9¢tsin(t) — be,
hence 3B —-2C =0,34=9,3D+24=0,3C=0,5E=-5,s0 A=3,B=0,C =0,
D = -2, F = —1, general solution is
y(t) = yp(t) + yn(t) = 3tsin(t) — 2cos(t) — €' + asin(2t) + beos(2t), t € IR.
Init. conditions: y(t) = 3tsin(t) — 2cos(t) — et + sin(2t), t € IR.

16. Left-hand side is linear with constant coefficients. Char. pol. p(A) = A2 — 3\ + 2, char.
numbers A = 1,2; fund. syst. {e?, e?*}; general solution of homogeneous equation is

yn(z) = ae® +be**, z € IR.

Right-hand side is special, in fact it is a combination of two special right-hand sides.

e 22: d = 1; A = 0, no match with left-hand side, hence y; () = Az + B.

o (* + 572 + 4)sin(rx): d = 0; X = i, no match with left-hand side, hence

ya2(z) = Csin(mzx) + D cos(mx).

Guess particular solution of the form y,(z) = y1(x) +y2(x) = Az+ B+ C'sin(mx) + D cos(mz),
substitute into the given equation and obtain

(2B — 3A) + 2Az] + [2C — 72C + 37 D]sin(z) + [2D — 72D — 37C] cos(x)

=2z + (7 + 572 + 4) sin(7x),

hence 2B — 34 = 0,24 =2, (2 —72)C + 37D = (7* + 572+ 4), (2 —7?)D — 37C = 0, so
A=1,B=32 C=2-n% D =3, general solution is

y(z) = yp(x) + yn(z) = %—k r+ (2 — 7%)sin(rz) + 37 cos(rx) + ae® +be®*, x € IR.

Init. conditions: y(z) = 3 + z + (2 — 72) sin(wz) + 37 cos(mz) + e*, x € IR.

17. Left-hand side is linear with constant coefficients. Char. pol. p(\) = A2+1, char. numbers
A = +i; fund. syst. {sin(t), cos(t)}; general solution of homogeneous equation is
xp(t) = asin(t) + beos(t), t € IR.
Right-hand side is a combination of two special right-hand sides.
e sin(t): d = 0; A = i, match of multiplicity m = 1 with left-hand side, hence
x1(t) = t[Asin(t) + B cos(t)].
e e'sin(t): d =0; A =1+ 4, no match with left-hand side, hence
xo(t) = €'[C'sin(t) + D cos(t)].
Guess particular solution of the form
zp(t) = z1(t) + x2(t) = Atsin(t) + Btcos(t) + Ce'sin(t) + D e’ cos(t), substitute into the
given equation and obtain
(—2B) sin(t) + (24) cos(t) + (C — 2D)e’ sin(t) 4+ (2C + D)et cos(t) = sin(t) + e’ sin(t),
so A=0, B= —%, C—-2D=1,2C+ D =0, hence C' = %, D = —%, general solution is
2(t) = xp(t) + z4(t) = < sin(t) — 25 cos(t) — & cos(t) + asin(t) + beos(t), t € IR.

Init. conditions: z(t) = e—; sin(t) — 2% cos(t) — £ cos(t) + 2sin(t), t € RR.



