ODE Practice problems 6 pHabala 2019
ODE: Practice problems—Homogeneous systems of equations

For the following systems of equations find their general solutions. Use the matrix approach, but if
you want, you can also try elimination for fun.
For all systems also determine stability of the trivial stationary solution y;(x) = ya(z) = 0.
For 2 x 2 systems then discuss typical asymptotic behaviour of the general solution at infinity and
find the particular solution determined by the given initial conditions.
1. o) = —2y; +4dyo
, y1(0) =4, y2(0) = —1;
Yo = Y1+ Y2
2.y =2yt
y1(0) =3, 12(0) = 1;
Yo = Y1 + 2o
3. Y=y~ 3y
y1(0) =1, 32(0) = 15
Yy = 3y1 + 2
4. ¥y =2y1 — 3y2
, y1(0) =2, 2(0) = 1;
Yo = 3y1 — 4y
5. y1 =y +4y
) y1(0) =3, 42(0) = —4;
Yo = 3y1 + 2y2

6. r11=x1—x
,1 ! 2 x1(m) = =1, xa(mw) = 0;
.%’2:21'1—1'2

7. T1=2r1+=x
! e 21(0) = 2, 22(0) = 1;
To = —x1 + 4xo

8. oy =311 — 29

z1(0) =1, z2(0) = 0;
Th =11 + T9 1(0) 2(0)

9. yi=vu1+ys
yézyl—yQ
Y3 =y1 + Y3
10. y; =y +2y3
Yo =1 + Y3
Ys = —y1 + Y2 + 2y3
11. $/1:$1—1L“3
$/2=$1+$2+$3

xh = 2mq + 9
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Solutions
. . _2 4 _2 - )\ 4 2
1. 1) general solution. Eigenvalues: A = L 1) |A—\E| = ] Lo\ = AM+A—-6=0

yields A = —3, 2.

o (4 4 vry (O o . LS (1 o
A=2: < ) _1> <v2>_<0>’v1 vg—O,Choosevg—l,thenvl—1,ya(x)—<1>e )
A= -3 (1 i) <U1> = <8>, vy + 4vy = 0, choose v = 1, then v; = —4, g)(z) = <_14 e 3T,

V2
. . . e” —4e~ 3" ae?® — 4be=3
General solution ¢(z) = ay, + by, = a <€2$> +b < o3 ) = ( 162 4 b3 >

Proper form: y;(z) = ae®® — 4be 3%, yo(x) = ae®* + be 3%, x € IR.
2z —3x
e —4e )

Remark: Fundamental matrix Y (z) = (egx o—3z

For x ~ oo we get y1 (1) ~ ae®®, yo(z) ~ ae?®.

The stationary solution y;(x) = y2(z) = 0, or the equilibrium (0,0) are unstable.

Bonus: (0,0) is a saddle.

Elimination: From (#2) y1 = y5 — y2 (), into (#1) yields y4 + y5 — 6y2 = 0, char. num. A\ = —3, 2,
solution ys (1) = ae?® + be™3% from (x) we get y;(z) = ae?® — 4be=3%.

2) Init. conditions yield y;(7) = 4e73%, yy(x) = —e 3%, z € IR.

2—-A 1

2 1
1 2)7 1 2-A

2. 1) general solution. Eigenvalues: A = ' = A2 —4)\+3 =0yields A = 1, 3.

(11 vry (O . _ P B 1 z
/\—1.<1 1> <U2>—<0),vl+vg—0,choosev2— 1,thenvl—1,ya($)—<_1>e.

L, (-1 1 viy (O o . L (1 32
)\—3.<1 _1>(v2>—(0>,v1 vz—O,choosevg—l,thenvl—l,yb(x)—<1>e.

L S e’ e3\ [ ae® + bed”
General solution ¢(z) = ay, + by, = a <—ew> +5b <63x> = <—aew L pede )

Proper form: y;(z) = ae® + be3®, yo(z) = —ae® + be3*, x € IR.
x 3z
er e

Remark: Fundamental matrix Y (z) = v 3

—e¥ e
For x ~ 0o we get y1(x) ~ be3®, yo(x) ~ be3®.

The stationary solution y (z) = y2(x) = 0, or the equilibrium (0,0) are unstable.
Bonus: (0,0) is an unstable node (knot).

Elimination: From (#1) y2 =y} — 2y1 (%), into (#2) yields y{ — 4y} 4+ 3y1 = 0, char. num. A = 1,3,

solution y(7) = ae® + be3*, from (x) we get yo(x) = —ae® + be3?.
2) Init. conditions yield y;(7) = €3* + €%, yo(z) = €3 — %, 2z € IR.
. . 1 -3\ |1-Xx -3 ) .
3. 1) general solution. Eigenvalues: A = 3 1 ) 3 1\ = A% —2X+ 10 = 0 yields

A=1=3i.

1o (3 =3 vt _ (0 . o _ .
A=1 31.<3 3i><02>—<0>,3w1 3vy = 0, choose vy = 1, then v; = —i,

—ie” cos(3x) — e” sin(3x)
e® cos(3x) — ie” sin(3x)

We take 7,(z) = Re(jic) = (‘6” sin(3z) ) o (x) = Im(fic) = (‘ex cos(3z) )

s0 fio(x) = < f) e(1-800 _ (‘f) [e® cos(3x) — ie® sin(3z)] = <

e” cos(3x) —e® sin(3x)

General solution L N
) = o+ o =o 5000 ) o (GG

[ ae”sin(3z) + be® cos(3x)

N ( —ae® cos(3z) + be” sin(3x) > ’
Proper form: y;(x) = ae® sin(3z) + be® cos(3z), ya(z) = —ae® cos(3z) + be” sin(3z), x € IR.

e’sin(3z)  e” cos(3x) >

—e” cos(3x) e®sin(3x) )
For x ~ 0o we cannot simplify the solution.
The stationary solution y;(x) = y2(z) = 0, or the equilibrium (0,0) are unstable.

Remark: Fundamental matrix Y (z) = (

2
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Bonus: (0,0) is an unstable focus.

Elimination: From (#1) y2 = $y1 — 3y} (%), into (#2) yields 3y} — 2y] + 22y = 0, char. num. A =
1+ 34, solution y; (z) = ae® sin(3x) + be” cos(3x), from (x) we get ya(x) = —ae® cos(3x) + be” sin(3x).
2) Init. conditions yield y;(z) = e®[cos(3x) — sin(3z)], y2(z) = e®[cos(3z) + sin(3x)], = € R.

4. 1) general solution. Eigenvalues: A = (; :i), 2;)\ _4_3 )\‘ = (A +1)2 = 0 yields
A=—1(2x).

. (3 =3 viy_ (O B o - S (1 .
A= —1: <3 _3> <v2> = <0>, 3v; — 3vg = 0, choose vy = 1, then v1 =1, g, (z) = <1> e ",

Second solution: 3 -3 U = ! , tedy 3v; — 3vy = 1, choice vy = 0 yields v; = £,
3 -3 V2 1 3

- () (i (71127

2w 1\, —= —x 1\ —x
General solution ¥(z) = ay, + by, = a <sz> +b <($ T 3_)5 ) — <a6 aejtb(x +3)e >

xre +bxe ™
Proper form: yi(z) = ae™® +b(z + $)e™™, ya(z) =ae™* +bre ", z € R.
For z ~ oo we get y1(z) ~ 3bxz e*®, yo(z) ~ 3bx €2*
Remark: If we use constant 3b in the combination, we get
y1(x) =ae " +b(3x + 1)e 7, y2(z) = ae™" + 3bre™".
The stationary solution y; (x) = yo(x) = 0, or the equilibrium (0, 0) are stable. We can see that 7 — 0,
after all.
Bonus: (0,0) is an stable node (knot).
Elimination: From (#1) y2 = 2y1 — 3y} (%), into (#2) yields 3y4 + 2y + 3y2 = 0, that is,
vy + 2y5 + y2 = 0, char. num. A = —1 (2x), solution y;(z) = ae™* + bre™*, from (*) we get
y2(x) = ae™" + b(z — )e™".
Remark: This general solution can be obtained from the one of matrix approach by choosing a = a—

w\»—t

Remark: Fundamental matrix Y (z) = (2_’3 (3$3x61_)€m> = <2_m (393:61,)5_ >

2) Init. conditions yield y1(z) = 3z +2)e™%, ya(z) = Bz + 1)e™*, x € RR.

1 4> ‘1)\ 4

5. 1) general solution. Eigenvalues: A = <3 9 3 2 _ )\

A= —2,5.

_ . 3 4 'Ul _ O _ _ _ — _ 4 — 92z
A= -2 <3 4> <v2> = <0>, 3vy + 4vg = 0, choose vy = —3, then v1 =4, g, (z) = <_3> e 4",
A=5: < 3 _3> <v2> = <0>, v1 — vy = 0, choose v = 1, then v; =1, gj(z) = <1> e°r.

Lo - L, 42 ebe 4ae™ 2% + bed®
General solution 7(z) = ay, + by = a < g2 ) +b ( ) = ( 3627 4 pe5T )
Proper form: y;(z) = 4ae™2® + be®®, ya(x) = —3ae_21" +be’”, z € IR.
S5z
Remark: Fundamental matrix Y (z) = ( de” e5x )
—3e2
0

’:)\2—3)\—10:0yields

For x ~ oo we get y1(x) — 0, y2(x) —
The stationary solution y; (z) = ya2(x
Bonus: (0,0) is a saddle.
Elimination: From (#1) y» = 1y{ — 1y1 (%), into (#2) yields 1yi — 3y — L2y = 0, that is,
! — 3y} — 10y; = 0, char. num. A = —2,5, solution y;(z) = ae™2* + be®, from (¥) we get yo(z) =
—3ae~2® 4 bed®. If we replace a with 4a, we get the same solution as we obtained using matrices.

1
2) Init. conditions yield y; (1) = 4e72% — €%, yo(x) = —3e 2% — %%, x € IR.
1 -1 1—A —1

2 —-1)’ 2 —1-A

. 1—1 —1 (% o 0 o - o o 1
)\—z.< 9 —1—i>(v2>_<0>’(1 i)v; — ve = 0, choose v1 = 1, then vy = 1 — 4,

o= (1 )= (|1, )teosty s = (g o) homtt) )

3

, or the equilibrium (0, 0) are unstable.

6. 1) general solution. Eigenvalues: A = ‘ = A2 +1 =0 yields A\ = £i.
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We take Z,(t) = Im(Z¢) = (sin(ts)hi(?os(t) >7 Tp(t) = Re(Tc) = <sin(t(;o—si—(i)C)S(t) )
General solution

- - - sin(t cos(t
T(t) = aZo + 07y = a (sin(t) —(c)os(t)> +b <sin(t) —I—(c)os(t))
_ asin(t) + bcos(t)
(a[sin(t) — cos(t)] + b[sin(t) + cos(t)] /°
Proper form: x1(t) = asin(t) + bcos(t), x2(t) = a[sin(t) — cos(t)] + b[sin(t) + cos(t)], t € R.
sin(t) cos(t)
sin(t) — cos(t) sin(t) + cos(t) >
For t ~ oo we cannot simplify the solution. It is bounded.
The stationary solution y;(x) = y2(z) = 0, or the equilibrium (0,0) are unstable.
Bonus: (0,0) is a center.
Elimination: From (#1) x5 = x1 — 41 (x), into (#2) yields #; +x; = 0, char. num. A\ = £7, solution
x1(t) = asin(t) 4+ beos(t), from (x) we get xo(t) = a[sin(t) — cos(t)] + b[sin(t) + cos(t)].
2) Init. conditions yield z;(t) = sin(t) + cos(t), x2(t) = 2sin(t), t € RR.

Remark: Fundamental matrix X (¢) =

7. 1) general solution. Eigenvalues: A = (_21 i), ‘2__1)\ 4 i )\‘ =X -6\ +9 = 0 yields
A =3 (2x).

o (-1 1 vry (0 o . - (1 3t
=3 (_1 1> (v2>—<0>,v1 vg—O,choosevg—l,thenvl—1,xa(t)—<1>e .

Second solution: <_1 i) <Zl> = (1), so —v1 + vy = 1, choice vo = 1 yields v; =0,
— 2

o[ (D1~ (00)

- 4 , e3t tedt ae® + bt e
General solution Z(t) = aZ, + bTp = a <€3t> +b <(t N 1)€3t> = <a63t b4 1)t )

Proper form: z1(t) = ae3® + bt 3, x5(t) = ae3® + b(t + 1)e3t, t € IR.
: e3t tedt
Remark: Fundamental matrix X (¢) = (e3t (t+ 1)e3t )

>

For t ~ 0o we get x1(t) ~ bt e3t, xo(t) ~ bt e3t.

The stationary solution y;(x) = y2(z) = 0, or the equilibrium (0,0) are unstable.

Bonus: (0,0) is an unstable node (knot).

Elimination: From (#1) zo = &1 —2x; (%), into (#2) yields &1 —64149z; = 0, char. num. A = 3 (2x),
solution x1(t) = ae3! 4 bt €3, from (x) we get x5(t) = ae® + b(t + 1)e3t.

2) Init. conditions yield x1(t) = (2 — t)e3!, z5(t) = (1 — t)e®, t € IR.

8. 1) general solution. Eigenvalues: A = (i’ _11), ‘3 I A 1__1>\‘ = A2 —4)\ + 4 = 0 yields
A =2 (2x).
. (1 -1 viy (O o o I (1 o
A= 2: <1 _1> <v2> = <0>, v1 — vy = 0, choose v = 1, then v; =1, Z,(t) = <1> e’t.
. 1 -1 1 1 . .
Second solution: 1 1 o =11 ) S0 v1 — vo = 1, choice v; = 0 yields vo = —1,
— 2

o[ ()= (o )

- , ﬂ et te?t ae? + bte*
General solution Z(t) = a@, + bxp = a <62t> +5b <(t - 1)6%) = <a62t Fb(t— 1)e2t )

Proper form: x1(t) = ae?t + bt €?t, xo(t) = ae®* + b(t — 1)e?!, t € IR.
2t 2t
Remark: Fundamental matrix X (¢) = (Z% ( iel)e% )
For t ~ 0o we get x1(t) ~ bt €', xo(t) ~ bt 2.
The stationary solution y;(x) = y2(z) = 0, or the equilibrium (0,0) are unstable.
Bonus: (0,0) is an unstable node (knot).
Elimination: From (#1) z2 = 31 — 2} (x), into (#2) yields z{ — 42} + 4z, = 0, char. num.
A =2 (2x), solution 1 (t) = ae? + bte?!, from () we get z2(t) = ae? + b(t — 1)e?t.

4
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2) Init. conditions yield x1(t) = (t + 1)e?!, zo(t) = te?', t € IR.

1 0 1 1—A 0 1
9. Eigenvalues: A=|1 -1 0], 1 e 0 |=
1 0 1 1 0 1—A

=X A2 420 =-AA2—A—2)=0yields A\=0,—1,2

1 0 1 V1 0 1 0 1 1 0 1
A= 0 1 -1 0 vo | = (0], reduction [ 1 -1 0| ~ |0 1 1], choice vg = —1
1 0 1 V3 0 1 0 1 0 0 O
1
yields vy =1, v1 = 1, ga(z) = 1 .
-1
2 01 VU1 0 0 1 1 0 0
A=—-1: {1 0 O vo | = | 0], reduction | 1 0 0] ~ 0 1|, choice v = 1, then
10 2 U3 0 1 0 2 0 0 0
0
vp=0,v3=0,%(x)=|1]e "
0
-1 0 1 U1 0 -1 0 1 -1 0 1
A =2 1 -3 0 vg | = | 0], reduction 1 -3 0 ~ 0 3 -1, choice
1 0 -1 V3 0 1 0 -1 0O 0 O
3
vy = 3 yields vy = 1, v; =3, go(x) = | 1 | 2.
3
1 0 3e2® a+ 3ce*®
General solution j(z) =a | 1 | +b|e™@ | +c| e | = | a+be @ +ce*
-1 0 3e3® —a + 3ce?®
Proper form: y;(z) = a + 3ce?®, yo(x) = a + be™® + ce®®, y3(z) = —a + 3ce*®, z € IR.

10 3e¥
Remark: Fundamental matrix Y(z) = | 1 e % €2

The stationary solution y;(x) = y2(z) = 0, or the equilibrium (0,0) are unstable.
Bonus: (0,0) is a saddle.

1 =1qyy +
Elimination: FI'OII] (#2) Y1 = yé -+ Y2 (*)’ into (#1) a (#3) ylelds {( *) y? y/? Ys }7 ’
(2%) ys =¥ + y2 + y3

(#1*%) y3 = y4 — y2 (%), into (#2*) yields y’” —yy) — 2y, = 0. Char. num. A = 0,—1,2, solution

Yo(z) = a + be™® + ce?®, from (%) we get y3(x) = —a + 3ce?*, from () we get y1(x) = a + 3ce®®.
1 0 2 2
10. Eigenvalues: A= | 1 0 1 1 | ==X4+3)2-3)\+1=
-1 1 2 2—A
=—-(A—-1)3 —Oylelds)\ 1 (3x).
0O 0 2 0 0 0 2 1 -1 0
A=1: 1 -1 1 Vg 0 |, reduction 1 -1 1| ~{0 0 1], choicewv; =1
-1 1 1 0 -1 1 1 0 0 0
e[E
yields v1 =1, v3 =0, ¥o(z e’
0
0 0 1 0 0 21 1 -1 0 1%
Second solution: 1 -1 ) ( = (1 ,reduction | 1 -1 1 1 |~]10 0 1 ;
-1 1 0 -1 1 1 0 0 0 0 0
1 3 (z+ 3)e”
choice vo = 0 yields 1)1:%,1)3:% [ 1]1x+1]0 ]el’— T e*
0 1 lew
2 2
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0 0 2\ [u i 0o 0 2 3 1 -1 0 -1
Third solution: { 1 -1 1 || vy | =0 ],reduction| 1 -1 1 0]~(0 0 1 3

-1 1 1) \v 3 -1 1 1 3 0 0 0 O
choice vo = 0 yields vy %, V3 = %,

DY (] (et e
Jolz)= |31 ]2*>+ |0 |a+[ O e’ = (;z%)e”
o) 1)\ (1 Der
er (x4 3)e” (1224 1z — Lye”
General solution ¢(z) =a | e | + (2b) xe® + (4c) (fz?)e”
0 1e” (32 + 7)€"
e’ (2 +1)e” (22 + 22 — 1)e”
=al e’ |+ 2z e” +c x%e”
0 e’ (2z + 1)e”
ae® + b2z + 1)e® + c(x? + 22 — 1)e”
= ae® + 2bx e* + cx?e®

be” + c(2z + 1)e”
Proper form: yi(x) = ae® + b(2x + 1)e® + c(z? + 2z — 1)e”, ya(x) = ae® + 2bx e® + cx?e®, y3(z) =
be” + c(2z + 1)e*, x € IR.

e’ (2x+1)e* (22 42z —1)e®
Remark: Fundamental matrix Y (z) = | €* 2x e r2e”
0 e’ (2z +1)e”
The stationary solution y; (z) = y2(x) = 0, or the equilibrium (0,0) are unstable.
Bonus: (0,0) is an unstable node (knot).
Co : : (1%) 295 =91 =1
Elimination: From (#2) y3 = y5 —y1 (%), into (#1) a (#3) yields { }
(2°) yy — 205 — y1 =2 — 3

We cannot isolate y; nor ys from equations, so we first eliminate one of the derivatives. We try to get
rid of yf using (#2°)~(#1): uf — 405 — vo — dyn, 50 41 = 4y + 35 + Tyn (x), into (17) yields

}lyé” - ZyQ + %yé 4y2 =0, that is, ¥4 — 3yY + 3y, — y2 = 0. Char. num. A = 1 (3x), solution
yo(2) = ae® + br e + ca?e”, from (x) we get y1(z) = ae” +b(z + 3)e® + c(z? +x — 1)e®, from (x) we

have y3(z) = bie” + c(z + %)e“’”

1 0 -1 1—A 0 —1
11. Eigenvalues: A=|1 1 1 |, 1 I1—X 1 |=-X+2)2-2)
2 1 0 2 1 -
=-AA? =2\ +2) =0 yields A =0,1+.
1 0 -1 V1 1 0 -1 1 0 -1
A= 0: 1 1 1 vgo | = | 0], reduction | 1 1 1 ~ |0 1 2 |, choice v3 =1
2 1 0 V3 21 0 0 0 O
yields vy = =2, v1 = 1, Z,(t) = 2) .
1 0 -1 0 t 0 -1 1 0 1
A=1—a: | 1 1 1 0 |, reduction [ 1 1 1 ~10 1 —-1-—17]|,
2 1 -1 1)3 0 2 1 i-1 0 0 0
choice v3 =1, v1 = —1, vo = 1 + 1,
—1
soZo(t)= | 1+i | et =1+ z) [cos(t) — i sin(t)]
1
—elsin(t) — ie! cos(t)
= | e'[cos(t) + sm( )] + e [— sm (t) + cos(t
el cos(t) — ie! sin(t)
—e sm —el cos(t)
We take Z(t) = Re(Z¢) tsin(t) + cos( )|, Ze(t) =Im(Zc) = | e'[—sin(t) + cos(t)] |,
el cos(t —elsin(t)

General solution:
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1 —elsin(t) —el cos(t)
Ft)=a| =2 | +b | —€'[sin(t) + cos(t)] | +c | e'[—sin(t) + cos(t)]
1 el cos(t) —elsin(t)

a — bel sin(t) — cet cos(t)
= | —2a + be!sin(t) + be' cos(t) — ce' sin(t) + cet cos(t)
a + be' cos(t) — ce' sin(t)
Proper form: z1(t) = a—be’ sin(t)—ce’ cos(t), za(t) = —2a+be’ sin(t)+be’ cos(t)—ce’ sin(t)+ce’ cos(t),
x3(t) = a + bet cos(t) — cel sin(t), t € IR.

1 e’ sin(t) e’ cos(t)
Remark: Fundamental matrix X (¢) = | —2 —e'[sin(t) + cos(t)] e'[sin(t) — cos(t)]
1 —et cos(t) el sin(t)

The stationary solution y; (z) = y2(x) = 0, or the equilibrium (0,0) are unstable.
Bonus: (0,0) is an unstable focus.

(1%) o) + 2% = 221 + 29
(2%) 2} — 2 =221 + xg}’
from (#2%) xo = 2| — 2 — 221 (%), into (#1*) yields =/’ — 227 + 22} = 0. Char. num. A = 0,1+ j,
solution 1 (t) = a + be’ sin(t) + ce’ cos(t),
from (%) we get xo(t) = —2a — be' sin(t) — be’ cos(t) + ce’ sin(t) — ce’ cos(t),
from (%) we get z3(t) = a — be' cos(t) + ce’ sin(t).
Remark: We see that elimination yielded two vectors of the base with opposite signs compared to
matrix approach, but they generate the same space, of course.

Elimination: From (#1) x3 = 1 — 2 (), into (#2) a (#3) yields {



