ODE Practice problems 7 pHabala 2021
ODE: Practice problems—Non-homogeneous systems of equations

Solve the following systems of equations. Use the matrix approach, but if you want, you can also try
elimination for fun.

1. Yy =vy1—y2+2€"

z y10 :O,yQO :3;
Yo = -1 +y2t+e ©) ©

2. x'lle—x2+9

z1(0) = —1, z2(0) = 6.
rh =102y — z9 + 10€’ 1(0) 2(0)

Find a general solution for the following system of equations.
3. Yl =11 +ys+6e”

Yp=1y1—y2—6

Ys = Y1 + Y3
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Solutions

N PRCE

1-Xx -1
-1

1. 1) General solution. Eigenvalues: A = 1 1o

gives A =0, 2.

. 1 -1 vry (O o . L (1
A=0: <_1 1><U2>—<0>,vl vg—O,Choosevg—l,thenvl—1,ya(x)—<1>.

-1 -1 v 0 ~
A=2: <_1 _1> (vl) = <0>, —v1 — vg = 0, choose vy = —1, then v; = 1, Hi(x) =

General solution of the associated homogeneous equation:

. . . e 6233 a+b€2w
yh(x)—aya—i-byb—a(_ex) —i—b(_e%) = (a—beQ“ .

Rewrite: y15(z) = a + be?®, yop(z) = a — be®*, z € IR.

1 62:5

1 _621:

Non-zero right hand-side: Method of undetermined coefficients (guessing). One factor e with A = 1,
no correction. Guess y1, = Ae”, yo, = B e”. Substituting into the equations we get

Ae® = Ae® — Be® +2e”, Be® = —Ae” + Be” + €7, this yields A = 1, B = 2. Solution y,(z) = €7,
yop(x) = 2€”.

General solution: y;(z) = €* + a + be?*, ya(x) = 2¢® + a — be*®, x € IR.

Alternative: variation of parameter. General solution of associated homogeneous ¥, = Y (z)¢, variation
§(z) = Y (2)&(x), equation Y ()&’ (z) = b(z). We need Y 1:

1 €* 1 0 1 0 1 1 _ 1 1
<1 2x 0 1>N<O 1 22:1c 71372910 7henceY I(CC):% —2x —2x

Remark: Fundamental matrix Y (z) =

—e ze 5 . e 3—6
Then @' =Y 'h=1 < ,1293 121) (2636 > = <126$>, hence &(z) = < %6$> and
e —€ e §€ —§€
S _ - N [ € o\ [ e +a+be*®
Up(x) =Y (x)c(z) = <2€I > Thus §(x) = yp(x) + yn(z) = <26w Y- bee ), z € IR.

Alternative: Row variation. First homogeneous solution (by elimination or via eigenvalues):
yin(x) = a + be?” yi1(2) = a(z) + b(x)e* : d'(z) + ' (x)e*” = 2¢”
{ o Qx}. Equations { , , o . }
yan(w) = a — be ya(z) = alx) - b(z)e o/ (z) = ¥ (@)e? = e
a(x) = 2e” a(z) = 3e” x) =¢€"
yield { ,( ) 12 _m}, hence { () =3 1 _x} and {ylp( ) x}
b (z) = ge b(z) = —5e yop(x) = 2e
Elimination: From (#1) yo = y1 — y] + 2e” (*), into (#2) gives y{ — 2y; = —e”, char. n. A = 0,2,
solution of homogeneous equation yj, (z) = a+be**. Non-zero RHS is handled best by guessing, y, = Ae”,
substituting into y} — 2y} = —e” gives A = 1, hence y1(z) = y, + yn = €* + a + be®®, from (x) we get
ya(x) = 2e* + a — be**.

2) Init. conditions yield ¢(z) = <

}, then variation {

et — 62x

2ez+e2w>7x€R'

1 -1

—\2 -
10 -1 =A+9=0

2. 1) General solution. Eigenvalues: A = (

>7‘A_)\E’:’1—/\ -1 ‘

10 —-1-X
gives A = £3j.

Lo (1=3 41 w\ _ (0 N B e
A =35 ( 10 —1—3j> (1)2) = <0>, (1 —3j)vy — vy =0, choose v; = 1, then vy =1 — 37, so
. B 1 3t _ 1 . _ cos(3t) + jsin(3t)
Tolt)={4_g; )" = <1 _ 3j ) leos(Bt)+7sin(30)] = <cos(3t) + 3sin(3t) + j[sin(3t) — 3cos(3t)] )

oo Sy sin(3t) oo S\ cos(3t)
We take 2, (t) = Tm(zc) = (sin(3t) — 3cos(3t) >’ %y(t) = Re(¥o) = <3sin(3t) + cos(3t) )
General solution of associated homogeneous
cos(3t) )

. o L sin(3t)
Tn(t) = aZa +bipy = a (sin(?)t) - 3cos(3t)> +b <3Sin(3t) + cos(3t)
asin(3t) + bcos(3t)

- (a[sin(?)t) — 3cos(3t)] + b[3sin(3t) + cos(3t)] > te .
Rewrite: z15,(t) = asin(3t) + bcos(3t), xan(t) = alsin(3t) — 3 cos(3t)] + b[3sin(3t) + cos(3t)], t € IR.
) . _ sin(3t) cos(3t)
Remark: Fundamental matrix sol. X (¢) = sin(3t) — 3cos(3t) 3sin(3t) + cos(3t) )

2
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Non-zero right hand-side: Method of undetermined coefficients (guessing). Factor 9 with A = 0, no
correction. Factor 10e! with A = 1, no correction. Guess z1, = A+ B et, x9p =C + Det.
Substituting into the equations we get Be! = A+Bet—C—De +9 Det = 10A+10B et —C—D et +10¢,
this yields A=1, B= -1, C =10, D = 0. Solution 1, =1 — et , Tap = 10.
General solution:
x1(t) =1 — e + asin(3t) + bcos(3t), x2(t) = 10 + a[sin(3t) — 3 cos(3t)] + b[3 sm(3t) + cos(3t)], t € IR.
Alternative: variation of parameter. General solution of associated homogeneous ), = X (t)¢, variation
Z(t) = X (t)&(t), equation X (t)&'(t) = b(t). We need X ~1:

sin(3t) cos(3t) 10 1 0 sin(3t)+
(sin(?)t) — 3 cos(3t) 3sin(3t) +cos(3t) 0 1) ~ <O 1 cos(3t) —
sin(3t) + x cos(3t) —3 cos(3t) )

i )
hence X 1(t) = (cos(?)t) s1n(3t) %sin(?)t)

L, w17 (sin(3t) + L cos(3t) —1cos(3t) 9 _(9sin(3t) + 3cos(3t) — L2et cos(3t)
Then &' = X™'b (cos(3t) _1 sm(?)t) %Ssin(3t) ) <10€t> N (9005(3 t) — 3sin(3t) + iet sin(3t) >
s0 &lx) = < 3cos(3t) + sm(3t) — ge tcos(3t) — el sin(3t) + a 1 — et

3sin(3t) + Cos(3t) + 3e’sin(3t) — e’ cos(3t) + b ) and 7 (t) = X(t)elt) = 10

=

cos(3t) —3 cos(3t) >
sin(3t) 3 sin(3t) )’

1 — e’ + asin(3t) + bcos(3t)

10 + a[sin(3t) — 3 cos(3t)] + b[3 sin(3t) + cos(3t)]
Alternative: Row variation. First homogeneous solution (by elimination or via eigenvalues):
{ x14(t) = asin(3t) + bcos(3t) }

Ton(t) = a[sin(3t) — 3 cos(3t)] + b[3sin(3t) + cos(3t)])’

o z1(t) = a(t) sin(3t) + b(t) cos(3t)
then variation { ) }
z2(t) = a(t)[sin(3t) — 3 cos(3t)] + b(t)[3sin(3t) + cos(3t)]

a’(t)sin(3t) + b'(t) cos(3t) = .

, , ) t} yield
a'(t)[sin(3t) — 3cos( t)] +b'(¢ )[3 sin(3t) 4 cos(3t)] = 10e

a/(t) = 9sin(3t) + 3 cos(3t) — e’ cos(3t)
{ , 10 . }, hence

b'(t) = 9cos(3t) — 3sin(3t) + e’ sin(3t)
{ a(t) = —3cos(3t) + sin(3t) — e’ cos(3t) — ¢’ sin(3t)} d {xlp(t) =1- et}

an .

b(t) = 3sin(3t) + cos(3t) + %et sin(3t) — e’ cos(3t) Zop(t) =10
Elimination: From (#1) o = 21 — 2] + 9 (%), into (#2) gives 2} + 921 = 9 — 10€’, char. n. A\ = £37,
solution of homogeneous equation xh(t) = asin(3t) + bcos(3t). Non-zero RHS is done best by guessing,
Ty, =A+ Bet, substitution into z{ 4+ 9x1 = 9 — 10e’ gives A = 1, B = —1, therefore z1(t) = Tp +ah =
1—el+ asin(Bt) + bcos(3t), from (x) get x2(t) = 10 + a[sin(3t) — 3c0s(3t)] + b[3sin(3t) + cos(3t)].

1 — e’ + sin(3t) — cos(3t)

10 — 2sin(3t) — 4cos(3t) )7 * € It

Thus Z(t) =

Equations {

2) Init. conditions yield Z(t) =

a+ 3ce?®
3. Eigenvalues: A\ =0,—1,2, i(z) = | a +be ® +ce®® |, x € IR, see Homogeneous systems.
—a + 3ce®
1 0 3e*
Remark: Fundamental matrix Y(z) = | 1 e % ¢€**
-1 0 3e*

Non-zero right hand-side: Method of undetermined coefficients (guessing). Factor 6e” with A = 1, no
correction. Factor —6 with A = 0, correction m = 1. One needs to include terms with and also without
correction.

Guess y1p =Ae*+B+Cx,yop =De* + E+ Fx, y3, =Ge* + H + Ix.

Substituting into the equations we get Ae®* +C = Ae®*+ B+ Cx+ Ge* + H + Iz + 6€”,
De*+F=Ac*"+B+Cr—De*—FE—Fr—6,Ge*+1=Ae*+B+Cxr+Ge*+ H+ Ix.
Rewrite: —Ge®* +(C —B—H)— (C+ )z =6e”, (2D — A)e* + (F+ E — B) + (F — C)x = —6,
—Ae* —(B+ H)—(C+1)x =0, thisyields A=0,C=0,D=0, F=0,G=-6,1=0. Also
two independent euations for three variables B+ H = 0, F — B = —6, choice B = 0 leads to H = 0,
E = —6. Solution y1, =0, y2p = —6, y3, = —6e”.

General solution: y;(z) = a + 3ce®*, ya(x) = —6 + a + be™® + ce?*, y3(z) = —6e* — a + 3ce®®
Alternative: variation of parameter. General solution of associated homogeneous 4, = Y (x)¢, variation
§(z) = Y (2)&(z), equation Y (z)&'(z) = b(x). We need Y ~1:

3
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1 0 3* 1 00 1 0 0 z 0 —3
1e’w62w010~010—§e’”61%e$,
-1 0 3> 0 0 1 0 0 1 ge2 0 ge 2
3 0o -3
hence Y ™! (z) = § | —4e” 6e” 2e” )
6—2:c 0 6—239
3 0 -3 6e” 3e” 3e”
Sod’ =Y "'b=1| —4e” 6e” 2e” ) —6 | = [ —4e*® —6e® |, hence &(z) = | —2e** — 6e®
672x 0 672x 0 e T —e ¥
0
and y,(z) =Y (z)c(z) = —6
—6e*
a+ 3ce?*
Thus (x) = | =6+ a + be™® + ce?*

—6e” — a + 3ce*”
Alternative: Row variation. First homogeneous solution (by ehmlnatlon or via eigenvalues):

yin(@) = a+ 3ce™ y1(z) = a(z) + 3c(z)e*
{ yor(z) = a+be™ " + ce2’”}, then variation { o(x) = a(x) + b(z)e " + c(:c)eQx}.

Ysn(z) = —a + 3ce** ys3(z) = —a(z) + 3c(z)e*”

a'(z) + 3¢ (x)e** = 6e” a'(z) = 3e”
Equations { d(z) + b (z)e "+ (2)e** = —6} yield { v (x) = 4629”}, hence
d' () + 3¢ (x)e** =0 '(x) =

a(x) = 3e” yip(x) =0

{b(x) = —6e" — 262”7} and {ygp(x) =—6 }
(z)

e

T

c(x) = —e
= y2 +y3 + 6 + 6e”
Elimination: From (#2) y1 = y5+y2+6 (%), into (#1) and (#3) gives { (1%) 2 = 2 + s }
(2%) 3—y2—|—y2+y3+6
from (#1*) y3 = y4 —ya2 — 6 — 6e” (%), into (#2*) gives y5’ — y§ — 2y5 = —6. Char. n. A =0, —
solution of associated homogeneous vy (z) = a + be =% + ce?®.
Non-zero right hand-side is done best by guessing, k = 1, therefore y, = ' A = Az, substitution into
vy — yf — 2y = —6 gives A = 3, hence y2(z) = y, + yn = 3 + a + be™% + ce**, from (x) we get
y3(z) = —9 — 6e® — a + 3ce?®, from (x) we get y1(z) = 9 + a + 3ce®.



