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ODE: Solved problems—Method of variation

2
1. For the equation ' + 33: Y= 4%/(x3 —1)2  solve the following Cauchy problems:
x —

a)y(0)=-1L  b)yl)=3; <) y2)= Fa

6.’E

V1—a22

2. Find a general solution of the equation " — 2y +y =

Solutions

1. It is a non-homogeneous linear ODE, so we start with the associated homogeneous equation:

/+ xQ
y 3 —1

y=0.

It does not have constant coefficients, so we cannot use characteristic numbers A. Fortunately,
separation is possible.

d 2
We have condition x # 1. We separate and integrate: Y / Sm 1 dx.
Y e =
The second integral is done via substitution z = 2% — 1, we get Inly| = —iIn|z® — 1| + ¢ =
1 1
ln‘—’ + ¢, = e° , trick y = +e®+———, hence a general solution of the
Y vl i y Y g
homogeneous equation is yp(z) = EV x # 1. Here C' # 0, but C' = 0 gives stationary
x J——
solution y(z) =0, z # 1.
C
Now we do variation of parameter: y(z) = % We can substitute into the given equation
x J—
and cancel:
C ! 2 C
|:3 (aj) ] - (aj) :43 ($3—1)2
Vs —1 3 —1 R/z3 -1

ac2 C(x)

— @) gy +C \/7 Y

/ —43/(23 —1)2
:C()\/i C(x \/ﬁ ﬁ C(z) =43/(x3 = 1)
e (@) = 4Y P 1)

Y3 —1

Or we simply rememeber that the same expression as y(z) but with differentiated C'(x) is equal to

the right-hand side:
C'(z) 3
=4/ (23 —1)2
/a3 —1 ( )
Either way, we have an equation to solve.

C'(z) =4(2® = 1) = C(z) = 2* — 4z.

Thus we get y,(z) = . Using y = yn + vy, we get a general solution

2t —4x 4+ C
gy = S EC Ly

/3 —1
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Alternative: C(z) = % — 42 + C, then after substituting we immediately get the general solution
above.
Init. conditions: a) Substitute: —1 = %, hence C' =1, and ¢y = 0 must be in an interval given

x*—4x+1

by condition z # 1. Solution: y,(z) = T x € (—o0,1).
b) y, does not exist, we can’t have xy = 1.
14
c) Substitute: 5= = 8£% hence C' = 0. Solution: y.(x) = u, z € (1,00).

Vi Vs —1

2. It is a non-homogeneous linear ODE of order 2, existence of solution is determined by continuity
of coeflicients and its right-hand side, so here we have solutions on (—1,1). We start with the
associated homogeneous equation. It has constant coefficients, so we go to characteristic things:
From the equation A\ — 2\ +1 = (A — 1)? = 0 we get the characteristic number A = 1 (2x). The
fundamental system of solutions is thus {e”,z e} and a general solution of homogeneous equation
is yp(x) = ae® + bxe®, z € IR.

Now we pass to non-homogeneous equation. The right-hand side is not special, so we have to
use variation of parameters. We see condition |z| < 1. We have y(z) = a(x)e® + b(z)z e®, hence
equations

a'(z)e” + V' (x)ze” =0 a'(z) + b (z)xr =0
z - 1 .
' (z)e” + b (2)(x +1)e® = ————— ad(z)+b(x)(z+1) = ———

@ V@t ) =~ T ) )+ ) = oy
Subtracting (#2)—(#1) we get b/(z) = ﬁ, hence b(x) = arcsin(z). Substituting back into the
first equation we have a/(x) = —\/1+7, this time we integrate using substitution z = 1 — 22, hence
a(x) =1 — 22

We can also solve the system using determinants (Cramer rule):

D 1 T _4 p,_ 0 r | x D 1 0 B 1
R o \/11_7 r+1| " g2 ¥ 11_962 T /12

Then o' (z) = % and b/ (z) = % and we get exactly the same formulas as above.

Anyway, we get particular solution y,(z) = 1 — 22 e” 4 arcsin(x) z e” and general solution by
adding particular and homogeneous ones:

y(z) = V1 —22e” + arcsin(x) x €* + ae® + bz e”, e (—1,1).

We could have obtained this by putting constants right away when integrating a(z) = v1 — 22 +a,
b(x) = arcsin(x) + b.



