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A criterion of ['-nullness and differentiability of convex
and quasiconvex functions

by

JAROSLAV TISER and LUDEK ZAJICEK (Praha)

Abstract. We introduce a criterion for a set to be I'-null. Using it we give a shorter
proof of the result that the set of points where a continuous convex function on a separable
Asplund space is not Fréchet differentiable is I'-null. Our criterion also implies a new result
about Gateaux (and Hadamard) differentiability of quasiconvex functions.

1. Introduction. Our paper deals with two closely related topics:

e [-null sets in Banach spaces, which were introduced by J. Linden-
strauss and D. Preiss [LP] in the theory of Fréchet differentiability of
Lipschitz functions on Banach spaces.

e Differentiability of convex and quasiconvex functions on Banach spaces.

It was proved in [LP, Corollary 3.11] (or [LPT] Corollary 6.3.10]) that
every continuous convex function on a separable Asplund space is I'-a.e.
Fréchet differentiable. This result, however, follows from a more general and
very deep theorem [LP, Theorem 3.10] (or [LPT, Theorem 6.3.9]) with a
long and sophisticated proof.

In the present article we introduce a new criterion for a set to be I'-null
(Proposition . Its proof is not short but is considerably more straight-
forward and much easier than the proof of the above mentioned theorem.
Using that criterion we give a quite different and much simpler proof of the
I'-a.e. Fréchet differentiability of convex functions. (We note, however, that
the main application of [LP, Theorem 3.10] concerns general Lipschitz func-
tions, to which our method does not apply.) In this proof we observe that
the set N of points of Fréchet nondifferentiability of a continuous convex
function f on a separable Asplund space has a relatively easily formulated
property (of being a countable union of Pde_gets, see Theorem , which
permits the use of our I'-nullness criterion. Also, Theorem may be of
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some independent interest, since there exist a number of results (in [K],
[M], [LP], [PZ1], [PZ2], |Z3]) concerning smallness of the set Np, but our
Theorem [.2] does not seem to follow from the known results.

A further application of our I'-nullness criterion is a new observation in
Proposition that the boundary of every closed and convex subset of any
separable Banach space is I'-null. We use it to prove that every continuous
quasiconvex function on any separable Banach space is I'-a.e. Hadamard (in
particular Gateaux) differentiable.

2. Preliminaries. The symbol | - | denotes the Euclidean norm in R™,
and B(t,r) is the closed ball centred at ¢ with radius r > 0. We will use the
same symbol for balls in different spaces; it will be clear from the context
which space is intended. For a Lipschitz map f between metric spaces we
denote by Lip(f) the smallest Lipschitz constant of f.

I-null and I,-null sets are defined as follows (see [LPT]). Let X be a
Banach space and let [0, 1]N be equipped with the product topology and
the product Lebesgue measure .Z~. We denote by I'(X) the space of all
continuous mappings

v [0, 1N = X
which have continuous partial derivatives Dyy. (At the points where the
kth coordinate is 0 or 1 we consider one-sided derivatives.) The topology on
I'(X) is generated by the countable family of pseudonorms

Voo and  [[Dpyljoo, k> 1.
The space [},(X) := C([0,1]", X) is equipped with the norm

1fller = max{[| flloc, 1 lloc}-
For the sake of completeness we recall that the derivative 7/(t) for ¢ belonging
to the boundary 9(]0,1]™) is a bounded linear operator L: R" — X such
that
[7(s) =7(t) = L(s = 1) = o|s = t]), s —1t, s€[0,1]"

The same convention will be used for C' mappings defined on closed convex
sets. Moreover, by a C'!' map defined on a noncompact subset of R” we mean
a bounded map with a bounded and continuous derivative. The norm of such
a derivative will always refer to the Fuclidean norm, although some other
norms in R” will appear, too.

DEFINITION 2.1. A Borel set A C X is called I'-null if
LN e 0,1V |yt e A} =0
for residually many v € I'(X). Analogously, a Borel set A C X is called

I-null if
LMt e 0,1]" | v(t) e A} =0

for residually many v € I,(X).
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It is easy to verify that the families of I'-null and of I},-null sets are
each closed under countable unions. Also, the notions of I'-null and I},-null
are incomparable in general. Nevertheless, for sets of low Borel class we
will use the following two properties (see [LPT), Theorem 5.4.2] and [LPT),
Theorem 5.4.3]).

LEMMA 2.2. If A C X is a G5, set which is I',-null for infinitely many
n € N, then A is I'-null. If A is an F, set which is I'-null, then A is I',-null
for all n € N.

We will also need the following notion.

DEFINITION 2.3. Let X be a Banach space. A set H C X is called a
d.c.-hypersurface if X can be decomposed as X = Xg®Rv, v € X \ {0}, and
there exists a d.c.-function g: X¢g — R such that H = {x + g(z)v | € X}.
Here a d.c.-function is a difference of two continuous convex functions.

REMARK 2.4. The above notion is important in the theory of differ-
entiability of convex continuous functions. Namely (see |Z1] or [BL, Theo-
rem 4.20]), if f is a continuous convex function on a separable Banach space
then the set N¢g of points of Gateaux nondifferentiability of f can be covered
by countably many d.c.-hypersurfaces.

3. Criterion. We will need the following fact concerning extensions of
C' mappings. The idea of the proof is the same as the idea of the proof of a
more special statement in [LPT, Lemma 5.3.1]. It is based on the following
extension result for Lipschitz functions (see [JLS|): Given a Lipschitz map
~ from a subset F' of R" into a Banach space X, there exists a Lipschitz
extension 7: R™ — X of v such that

(3.1) sup [[Y(#)[] = sup [v(#)]l,  Lip(y) < ¢n Lip(v),
teR” tel

where ¢,, depends only on the dimension n.

LEMMA 3.1. Let X be a Banach space, ¢ > 1, and let ||-|| be an equivalent
norm on R™ satisfying

1

[ <l <al-l

q
Let r > 0 and denote U = {x € R" | ||z|| < r}. Then for every ¢ > 0 and
every Ct map v: U — X there exists an extension 5y € C*(R™, X) such that

e 7 =0 outside (1 +¢)U;
o [Fller < 21vlloe + K (17 llse + I7lloc/(e7)), where K >0 depends only
onn and q.

Proof. In the first step we observe that for every C!' map v: U — X one
can find ¥ € C1(R", X) such that



152 J. Tiser and L. Zajicek

(i) ¥ =0 outside (1 +¢)U;
() Iy~ oo < Hrlor I — 7l < 211l
(i) [Vller < vlloo + &Y Moo + [Vlloo/(e7));

where k depends only on n and ¢. To this end, choose 0 < § <

enough to guarantee that
1 1
1) — <=
Hv( ) 7<1+58>H < 5 1lle,

1 1 1
/t Y B < = /

forany t € U, s € (1+0)U and |s — t| < rd/q. Define

) = 7<1i5> it e (148U,
0 i1 ¢ (14e—8)U.

Then clearly [|[7*|lcc = ||7/lcc and the Lipschitz constant of v* can be esti-
mated by

%5 small

(3.2)

o n 4l 24|71l
Lipy" < ma [ e, (205 < s+ 22020
Indeed, the first term in the maximum follows from the mean value theorem
for v* on (1 + 0)U. Since the || - [|-distance between the sets (1 + 6)U and
R™\ (1 4+ —96)U is (¢ — 20)r, the Euclidean distance between these sets is
at least (r/q)(e — 20), which gives the second term in the maximum. Using
(3.1) we can extend +* to a Lipschitz map on R™ preserving the || - ||oo-norm
and with the Lipschitz constant at most

24|17l
n( 17 llo + -
er

Convolving now this Lipschitz extension with a real C' mollifier M sup-
ported in the (rd/q)-neighbourhood of the origin, we obtain the desired 7:
The condition (fi)) is obviously true. To verify , notice first that if t € U
and |t — s| < rd/q, then s € (14 6)U. Now

V() = 7" (5)M(t = 5) ds = | (7(t) = () M (t — 5) ds

ZS(W) —7(1i55>>M(t—s)ds.

The first inequality in implies the first estimate in . Similarly we
obtain the second estimate. Since convolution can increase neither the sup-
norm nor the Lipschitz constant, we obtain with e.g. kK = 2qc,.

In the second step of the proof we will be recursively applying the exten-
sions just established. Denote 79 = v and then define v;11 = % —4% on U for
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all k > 0. Condition (i) implies |[7/loo < 27%[7]loo and ||V} /loo < 27%[|7/|oo-
Employing also (fii) we get

S c ol

~ k
5 lelor < 3 (Il + oIl + 202 )
k=0 k=0

g
< Al + 20 I + 1202 ).

It follows that the series Y oo 79) converges in the space C'(R™, X) to
some 7. Obviously, ¥ = 0 outside (1 + &)U and for ¢t € U we obtain

F(#) =Y A0 =D () = () = 7 (1)
k=0 k=0

Finally,

oo
5 ; I
s < 3 uler < 2l + 20 I o + 1202,
k=0

and we obtain the statement of the lemma with the constant K = 2. =

Let T: R™ — X be an affine injective map of R" into a Banach space X.
Consider the image T[£"] of the Lebesgue measure £" under 7. Then
both T[£"] and the n-dimensional Hausdorff measure 7" are uniformly
distributed measures on the affine subspace T'(R™) and so the former is a
constant multiple of the latter,

(3.3) TL" = c(T) "
(see e.g. [MT, Theorem 3.4]). The exact value of the constant ¢(T") > 0 will

not be important for us.
The next definition introduces our key notion.

DEFINITION 3.2. Let A C X be a subset of the Banach space X, let
a € Aand A € [0,1). We say that A is Py-small at the point a if the
following property holds:

For every finite-dimensional subspace V' C X there are sequences (Y )xen
of points of X and (r)ren of positive reals such that

(i) e N\ 05
(ii) [lyx — all = o(rx), k = oo;
(iii) for every k,

A (B(yk,re) N (ye + V) NA) <A™ (Blyk, ) N (yx + V),

where m = dimV > 1.
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In case the sequences (1) and (yg) satisfy and (i), but the last
condition is strengthened to

B(yk,rk) N (yk + V) NA=10,
we say that A is P-small at a.

REMARK 3.3. (i) The name “P-small” comes from the fact that the set
A is relatively small on many finite-dimensional planes close to the point a.

(ii) One can easily notice that A is P-small at a € A iff for every 6 > 0
and every finite-dimensional subspace V' C X there is y € X with 0 <
lly — a|| < d such that

B(y,lly—all/)n(y+V)NA=0.

(iii) The property of Py-smallness is not so symmetric. If A € [0,1) and
a € A have the property that for every § > 0 and every finite-dimensional
subspace V' C X there is y € X with 0 < ||y — a|| < ¢ such that

A (B(y, ly —all/6) N (y + V)N A) <A™ (By, lly — all/6) N (y + V),

then A is Py-small at the point A. However, the opposite implication does
not hold.

The next two notions follow the same pattern: after disregarding an
exceptional subset, the set under consideration is Py-small (P-small, resp.)
at all remaining points.

DEFINITION 3.4. Let A C X be a closed subset of a separable Banach
space X.

(i) The set A is called a P{ -set, A € [0,1), if there is a Borel subset
Ap C X which is I',-null for infinitely many n and A is Py-small at
all points of A\ Ay.

(ii) The set A is called a P%-set if there is a subset A9 C X which is a

countable union of d.c.-hypersurfaces and such that A is P-small at
all points of A\ Ayp.

REMARK 3.5. Observe that each P%-set is also a P{ -set for all A € [0,1).
Indeed, any countable union of d.c.-hypersurfaces is an F}, set which is I'-null
(see [Z2, p. 157]). By Lemma it is a I},-null set even for all n.

We now formulate a criterion for I'-nullness.

PROPOSITION 3.6. Let A C X be a Pl -set, X\ € [0,1), in a separable
Banach space X. Then A is I'-null.

Proof. Let n € N be such that the corresponding Ag is I3,-null and let
a > 0. The set

Sa={y € Lu(X) | £} (4) 2 a}
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is closed in I5,(X) by [LPT, Lemma 5.4.1]. We show that S, is nowhere
dense for all o > 0.

Suppose not and set
ap = sup{a > 0] S, is not nowhere dense}.

We can find positive numbers «, oy such that 0 < a < ap < a3 and

14
(3.4) % al < a.

Recall now that by [LPT, Lemma 5.3.5] the set of surfaces v € I},(X) for
which rank+/(t) = n for almost all ¢ € [0,1]" is residual. Let A* = A\ Ay
for short. By our assumption, the set

(3.5) {y e I(X) | £y 1A = 2"y 1 (A)}

and the set of all surfaces with .Z"y~1(A) < a; are both residual. We denote
by S the residual set of surfaces possessing all three properties.

Let v € SNInt S, and choose 7 > 0 so that B(v,7) C S,. To achieve
the desired contradiction it suffices to find a surface vo € B(7,7) \ So. We
start by choosing i > 0 small enough that

14+ A
(3.6) L™ AT + ) + 2 < —

For every t € (0,1)" with rank~/(t) = n we denote V; = Im~/(t) and
L; = 7/(t), a linear isomorphism of R" onto V. It is easy to show that the set
of points in (0,1)" with rank~/(t) = n is open, and the mappings ¢ — || L¢||
and t — ||L; | are continuous on this set. Find ¢ > 0 such that the set

H:={t € (0,1)" | rank~'(t) = n, ||Le]| < g, | L ]| < ¢}
has measure at least 1 — 7. Using (3.6)) we now choose € > 0 to satisfy both
(3.7) (2(3¢+V)e+K(14+2¢(5¢+1)))e <,

(I+e)" =1+ A 1 1
z" A* 2n <
Ateon (L' (A") +n)+2n <
where K = K(n,q) is from Lemma Since 4/ is uniformly continuous on
[0,1]™, there is § € (0,1] such that for any s,t € [0, 1] with |s —¢| < § we
have [[7/(s) =+'(t)]| <e.
Further, let G C (0,1)" be an open set containing H N~y ~!(A*) with

(3.9) ZM(G\ (HN~y L (A%)) <.

aq.

(3.8)

aq,

Since the set A is Py-small at each point of A* by Definition [3.2] one
can find, for any a; := () with t € HN~y~}(A*) and the finite-dimensional
subspace V4, the corresponding sequences (yx(t)) of points of X and (r(t))
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of positive numbers with
(3.10) A" (B(yx(t),rx(t)) N (Ve +yi(t) N A)
< A (B(yw(t), () N (Vi + yi(t))).

For such t and k& € N, denote

Up(t) := t 4+ L7 B(0, r(1)),

Ur(t) ==t + L7 B(0, (1 + &)rp(t)).
Clearly, Uy (t) C Ui(t). Note also that by the definition of H,

2
(3.11) B(t,r(t)/q) C Uk(t) C B(t,qri(t)), hence Tk < diam Uk < 2qry.
q

In particular, diam Ug(t) — 0 as k — oo. Assume without loss of generality
that for every t € H N~y !(A*) and for all & € N we have, together with

(3.10)), also the following:

(3.12) diamUy(t) <6 and Uy(t) C G;
(3.13) lys(8) =~ (DI < *ri(t);
(3.14) Iv(s) = () =~ (t;s = )| < 2|s 1| for s € Uy(t).

Form a Vitali system by assigning to every t € H N~ 1(A*) the sequence
(Ur(t))wen of closed sets. Due to the regularity condition the Vitali
Covering Theorem is applicable (see e.g. [F, Lemma 4710]) and it yields a
finite disjoint subfamily of the Vitali system covering the set H N~ ~1(A*)
up to a measure 7,

(3.15) % (H Ay AN | T, (t,)) <7
=1

We simplify the notation by setting y; = i, (t:), Ui = Uk, (t:), U, = (~sz (t:),
L; = Ly;, and r; = ry,(t;). In order to apply Lemmaintroduce new norms
IIt]l; == ||Lst|| on R™, i =1,...,m. Since t; € H, we have

1 )

=t < |t < qlt], i=1,....,m.

q
Then the sets U; and U; are balls in the norm |- ||; with centre ¢; and radius
ri and (1 + €)ry, respectively. Thus

gnﬁz = (1 + 8)”3"0}
For every ¢ = 1,...,m define v;: U; — X by
vi(t) =y + (ti;t —t;) — () = yi + Li(t — ;) —y(t), teU,.

With the help of Lemma we can find extensions 7; € I,(X) such that
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e 7; = 0 outside (72-;

o [Filler < 2lilloo + K ([illoo + [17illoo/ (e74))-
Set Yo(t) = (t) + D", Fi(t). To estimate ||y — vo||cr we notice that by
, and we have

[Villoo = llys + Li(- — i) = ¥lloo
< lyi =y @)l + [ (E) + Li(- = ti) = Yoo
< EQTZ' + ¢2 diam U;
< (%q + 1)52 diam U;.
Since diam U; < § (see (3.12))), by the choice of § we have
||%||oo = [17'(t:) = 7'l <.
Hence using also , , and the fact that § < 1, we get
2q(%q+ 1)52 diam U¢>
e diam U;
< (2(3q+1)ed + K(1+2¢(3q+1)))e <.
It follows that |7 — vollcr < maxi<i<m ||Fillcr < 7 and so g € Bgy
(

It remains to show that 7o does not belong to S,, i.e. £y
Since

(3816) 275 (4) = > 2" (Ting A) +2" (v A\ J T),
=1 =1

Filler < 2(3q + 1)e® diam U; + K<€ +

,T)-
) < @

we have to estimate both summands. For the first one, notice that v is an
affine map on each U;, vo0 = v+ = y; — Li(t;) + L;. Denoting for a moment
T; = y; — L;i(t;) + L;, one easily checks that

Ti(U') =yi+ B(O i) Vi, = B(yi, i) 0 (yi + Vi)
Using now and ( we obtain
i”"(Um’Vo (A)) :gn( 7 (B(yi i) N A))
=T;[ZL"(B(yi,ri) N A)
= o(T;) A" (B(yi, i) N (yi + Vi) N A)
< X(T) A (Byi, i) O (yi + V) = AL"Us
Thus we have

MU N (A Z "(U; \ Uy) +Z$"Umo (A))

i=1 i=1

n) LU+ L
i=1 i=1

IN
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_a +(s —1+)\ Zgn

<(1+&7) -1+

- (I+e)m G
<L A@%*(A*) +a),

where the last inequality follows from

The second summand in is easy to control. Since the surface v
satisfies .,2”"7_1(/1) zn _I(A* ) by (3.5) and v = 7 outside Ul 1 Us, we
conclude that ) holds for v and A as Well

-i”n(Hﬂ’Yo_l(A) \ CJ ffm(h‘)) <

By the choice of H,
k k
2" (U T) <2 (Enag @)\ JT) +n < 2n.
i=1 1=1

Using these estimates in (3.16[) together with (3.8) we obtain

- 1+e)" —14A
Z Yo 1(A) < ( (1)+ 8)n

by the condition .

In this way we have proved that all sets Sy, a > 0, are nowhere dense.
Consequently, A is I,-null. Since n belongs to an infinite subset of positive
integers, A is I'-null by Lemma .

14 A
(L (A + 1) + 25 < % o < a

COROLLARY 3.7. Let A be a Borel subset of a separable Banach space
and let A C U2, An. If for every n the set A, is a P{n—set, then A is

T-null. In particular, every P%-set is I'-null.

Proof. The last statement follows immediately from Remark .

4. Convex functions. In this section we prove that for every convex
continuous function f on a Banach space with separable dual the set Np
of all points of Fréchet nondifferentiability of f is a countable union of
Pde_sets. This result on smallness of N is new. Moreover, combining it
with Corollary we obtain a simpler proof of the known result of [LP]
that Ng is I'-null.

LEMMA 4.1. Let X be a Banach space and let f: X — R be a convex
Lipschitz function. Let 0 < e <1 and ¢ € X*. Denote by A = A(f,e,p) the
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set of all x € X for which there exists p, € Of(x) such that

(4.1) oz — |l <e,
(4.2) lim sup |f(z+h) — f(z) — o (h)] > 6e.
h—0 | Al

Assume that f is Gateauz differentiable at a pointa € A. Then A is P-small
at a.

Proof. Choose K > 1 such that f is Lipschitz with constant K. For the
proof it will be convenient to use the alternative definition of P-smallness

mentioned in Remark [3.3[(ii). Let 0 < 6 < 1 and a finite-dimensional sub-
space V' C X be given. We show that there is y € X with 0 < ||y —a| <
satisfying

(4.3) By, ly —all/0)n(y+V)nA=0.

Since f is Gateaux differentiable at a € A, we have ||¢ — fi(a)]| < e. To
simplify the notation we set

9(@) = f(@) - f(a) — fe(a)(w —a), zEX.

Then clearly g(a) =0, gz(a) = 0 and

(4.4) lim sup lglat h)| > 6e.
nso Al

The function £(t) := g(a +t), t € V, is a Lipschitz function on a finite-
dimensional space. For such functions the Gateaux and Fréchet differentia-
bility are equivalent. Since &(0) = 0 we can choose 0 < r < 1 so that

(4.5) lg(a+1t)| < de||t|| whenever t € V N B(0,r).
By (4.4) there is h € X with 0 < ||h|| < der/(2K) such that
(4.6) lg(a + h)| = 5¢|[R]]

To prove (4.3) with y := a + h suppose the contrary: There is a point x
such that

z € B(y,lly—all/o)n(y+ V)N A
Denote M = 2K /e. The restriction imposed upon ||h|| implies

ly —all o]l _ 2K er
Mz —y| < MW _ g 000 2% e
le =yl < M7= 5 e 2k "
Noticing that M > 1 we also have, in particular, ||x—y|| < r. Since z—y € V,

the condition (4.5 gives

(4.7) l9(a + (z = y))| <elly - all
(4.8) l9(a = M(z —y))| < Melly — al|
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Let ¢, € 0f(z) be as in the definition of the set A. Then [|¢, — ¢| <e,
¢r — fi(a) € Og(x) and
lpa — fa(@)ll < llea — ¢l + o — fa(a)ll < 2e.
Consequently, using also (4.7)) we obtain
(4.9) g9(x) < gla+ (x —y) + (pa — f(a),y — a)

<celly—all + ¢z — f&(a)|| ly — all
<elly — al + 2¢lly — al|| = 3¢|ly — al|.

Since g is clearly a Lipschitz function with constant 2K, we have
l9(y = M(x —y)) —g(a — M(z —y))| < 2K|ly — af,
which combined with implies
(4.10)  |g(y — M(z —y))| < Melly — al| + 2K ||y — af| = 2Me|ly — al|.

Finally, the point y is a convex combination

M 1
= - - .
i 135 i 1(3/ M(z —y))

Thus, using convexity of g, (4.6, (4.9) and (4.10), we obtain

Y

1
Selly — all < g(y) < M+1g(w)+ M+lg(y—M(x—y))
< — % ||y —
< M+13€||y aIIJrMJr1 elly — all

< 5€||y—CLH,

which is a contradiction. =
We are ready for the main result of this section.

THEOREM 4.2. Let X be a Banach space with X* separable, G C X an
open convez set and f: G — R a continuous convex function. Then the set of
points where f is not Fréchet differentiable is a countable union of P-sets.
Consequently, f is Fréchet differentiable I"-almost everywhere in G.

Proof. Since f is locally Lipschitz and X is separable, we may and will
assume that f is Lipschitz and convex, and that it is defined on the whole
space. (We use the well known and easy fact that every Lipschitz convex
function on an open convex set can be extended to a Lipschitz convex func-
tion on the whole space.) Denote by N and N the sets of points of Fréchet
and Gateaux nondifferentiability of f, resp. The set Ng is contained in a set
Ap which is a countable union of d.c.-hypersurfaces (see Remark . We
are going to show that Ny is a countable union of P%-sets.
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Let {4k | k € N} be a dense sequence in X*. For every m € N we define

Fm:{afeX

sup |f(z+h) + f(z —h) —2f(x)] > Kl for every 6 > 0}.
IRll<s m

Then Np = J,-_, Fi, and every F,, is closed (see [BL] proof of Proposition
4.16]). We further set

Fm,k_{xeFm

1
there is ¢, € df(x) such that ||gr — pz| < — 7.
24m

Clearly, Np = U, 1 Fink- We are going to prove that each F,  is closed
and P-small at the points of Fy,x \ Ao.

Recall that the mapping = +— 0 f(z) is norm-weak* upper semicontinuous
by [P, Proposition 2.5]. Since the ball B(pg,1/(24m)) is weak* closed, we
conclude that F,, j is a closed set.

Now fix m, k and set ¢ := ¢y and € := 1/(24m). We prove that

(411) Fm,k C A(f7€7@)7

where A(f,e, ) is as in Lemma[L.1] Let 2 € Fp, ;. Choose @, € df(z) such
that ||¢r — ¢z]| < 1/(24m). So the condition (4.1) of Lemma [4.1] holds. To
verify (4.2)), suppose the contrary. Then there exists 6 > 0 such that

(4.12) |f(z+h) — f(x) —@z(h)| < 6e||h|| whenever ||h] <.

By the definition of F,, there exists h € X with ||h|| < § such that
0

Using (4.12]), we obtain
[f(z+h)+ flz—h) = 2f(z)]
< |[f(@+h) = f(z) = pa(h)| + [f(x = h) = f(z) — pa(=)]
< 12¢6,
which contradicts (4.13). Hence F,, , C A(f, €, ).
Let x € Fy, 1 \ Ao. By (4.11]) the point = belongs to A(f,¢e, ) and it is
also a point of Gateaux differentiability of f. Lemma [.1I] now shows that

F,, 1 is P-small at x. Therefore N is a countable union of P sets and so
it is I"-null by Corollary .

5. Quasiconvex functions. We recall that a function f: X — R is
quasiconvex if

fre+ (1 —7)y) < max{f(x), f(y)}

for all ,y € X and 7 € [0, 1]. This is equivalent to the requirement that the
sets {x € X | f(x) < r} are convex for all r € R.
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In [R] it is proved (besides other results) that a continuous quasiconvex
function on a separable reflexive Banach space is Hadamard differentiable
off a Haar null set. In what follows we show that a continuous quasiconvex
function on any separable Banach X space is Hadamard differentiable I'-a.e.
For X reflexive our result and that of [R] are incomparable, since the notions
of Haar null set and I'-null set are not comparable in general. However, our
result is the first result on almost everywhere differentiability of quasiconvex
functions with respect to a certain o-ideal in general separable Banach spaces
(even for Gateaux differentiability).

Our proof is a combination of well-known methods and the following
result.

PROPOSITION 5.1. Let A C X be a closed convex subset of a separable
Banach space X. Then the boundary OA is Py o-small at all of its points.
Consequently, 0A is I'-null. In particular, a closed convex nowhere dense
subset of X is I'-null.

Proof. Here we use the formulation given in Remark (iii).

Let a € 0A and assume that 6 > 0 and a finite-dimensional space V' C X
are given. Choose an open ball B C B(a,0) \ A and use the Hahn-Banach
theorem to separate the ball B from A by a closed hyperplane H. Let y €
H n B(a,0) \ A. We set F' = B(y,|ly — al|/d) N (y + V) and denote by
o: X — X the symmetry map with respect to the point y, o(z) = 2y — x.
Then F = (F\ A) Uo(F \ A), which implies

AM(F N0A) < A™(F N A) < Lam(p),

where m = dim V.
Having verified that A is P;jp-small at all its points, we apply Propo-
sition [3.6] to complete the proof. =

REMARK 5.2. It follows from an unpublished observation of D. Preiss
that I'-nullness of A can be proved in a much shorter way without using

Proposition [3.6]

Before the statement of the last theorem let us recall one fact that will
be needed in the proof. Several systems of exceptional sets were introduced
in [PZ3]. We will refer to one of them, denoted by C, and to the property
that C is (strictly) smaller than the system of I'null sets (see [Z3)]).

THEOREM 5.3. Let f: X — R be a continuous quasiconvex function on
a separable Banach space X. Then f is Hadamard differentiable I'-a.e.

Proof. Let A = {z € X | f(z) <inf f}. Then A is a (possibly empty)
closed convex set. The function f is locally cone monotone outside A (see [R]
Lemma 4.1]). By [D], f is Hadamard differentiable on X \ A except possibly
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on a set from C. Since any such set is I'-null, we may conclude that f is
Hadamard differentiable at I'-a.a. points of X \ A.

If A is nowhere dense, it is I'-null by Proposition [5.1] and we are done.
If A has nonempty interior then the boundary is again I'-null and f is even
constant and so Fréchet differentiable in the interior of A. =
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