
Multidimensional Calculus. Lectures content. Week 4

6. Vector functions. The total derivative as a linear map.

Definition. A function f : IRn → IRm is called a vector valued function. Such a function
is given by m real-valued component functions, f(x) =< f1(x1, ..., xn), . . . , fm(x1, ..., xn) >,
with x =< x1, . . . , xn >. The partial derivatives of all component functions (if they exist)
can be organized in an m× n matrix, the Jacobian matrix J of f , or Jf , as follows:

J =


∂f1
∂x1

· · · ∂f1
∂xn

...
. . .

...
∂fm
∂x1

· · · ∂fm
∂xn

 .

Definition. Let U ⊆ IRn be an open subset. Then a function f : U → IRm is said to be
(totally) differentiable at a point p ∈ U , if there exists a linear map d fp : IRn → IRm (also
denoted Dpf or Df(p)) such that

lim
x→p

‖f(x)− f(p)− d fp(x− p)‖
‖x− p‖

= 0.

The linear map d fp is called the (total) derivative or (total) differential of f at p. A function
is (totally) differentiable if its total derivative exists at every point in its domain.
Remark. Note that f is differentiable if and only if each of its components fi : U → IR is
differentiable. For this it is necessary, but not sufficient, that the partial derivatives of each
function fj exist. However, if these partial derivatives exist and are continuous, then f is
differentiable and its differential at any point is the linear map determined by the Jacobian
matrix of partial derivatives at that point. Thus in terms of linearization we can say that

f(x) ≈ f(p) + Jf |p · (x− p).

Remark. We must observe that the above definition generalizes the one given in our previous
class for m = 1; for functions f : IRn → IR the Jacobian matrix corresponds to the gradient
∇f of f .

Example. Linearize f : IR2 → IR2 f(x, y) =< x2 + y2, 3x+ 2y > around the point (1, 1).

7. Maximum and minimum values.

Definition. Given f(x, y) defined on a region R,
we say that f has a local maximum at (a, b) (and f(a, b) is the local maximum value) if
f(x, y) ≤ f(a, b) for every point (x, y) in a certain disk with center (a, b),
we say that f has a local minimum at (a, b) (and f(a, b) is the local minimum value) if
f(x, y) ≥ f(a, b) for every point (x, y) in a certain disk with center (a, b).
If the above inequalities hold for every point in the domain of f , we then say that f has
absolute maximum or absolute minimum at (a, b).
Theorem. If f has local minimum or local maximum at (a, b), then fx(a, b) = fy(a, b) = 0.
Proof.

Definition. A point (a, b) such that fx(a, b) = 0 and fy(a, b) = 0, or one of the partial
derivatives does not exist, is called a critical point.
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Definition. f(x, y) has a saddle point at a critical point (a, b) if for every disk D such that
(a, b) ∈ D there are points (x, y) ∈ D such that f(x, y) ≥ f(a, b) and points (x, y) ∈ D such
that f(x, y) ≤ f(a, b).

Example. f(x, y) = x2 + y2 has absolute minimum at (0, 0).
Example. For z = y2 − x2, (0, 0) is a saddle point. (Same for z = xy, z = y2 − y4 − x2,

z = xy(x2−y2)
(x2+y2) , use maple to graph these functions).

Theorem. If f(x, y) is continuous and has continuous second partial derivatives on a disk
D containing (a, b), suppose that fx(a, b) = fy(a, b) = 0. Consider then the value

∆(a, b) =

∣∣∣∣ fxx fxy
fyx = fxy fyy

∣∣∣∣
(a,b)

the determinant of the Hessian matrix,
i.e. the Jacobian of the gradient of f at (a, b)

If ∆ > 0 and fxx(a, b) > 0, then f(a, b) is a local minimum.
If ∆ > 0 and fxx(a, b) < 0, then f(a, b) is a local maximum.
If ∆ < 0, then f(a, b) is a saddle.

Example. Find local extrema (maximum, minimum or saddle points) of
f(x, y) = xy − x2 − y2 − 2x− 2y + 4.

If a function is continuous on a closed bounded set, then it obtains its absolute maximum and
absolute minimum values. To find the absolute maximum and minimum on a closed bounded
set D we then follows the following
Step 1. Find critical points of f inside D and evaluate the function at each point.
Step 2. Find extreme points of f on the boundary of D, and evaluate the function at those
points.
Step 3. Compare all the values from 1. and 2., the largest is the absolute maximum value of
f on D and the smallest is the absolute minimum of f on D.

Example. Find absolute maximum and minimum of f(x, y) = 2 + 2x+ 2y − x2 − y2 on the
triangle with vertices at (0, 9), (0, 0) and (9, 0) (sides included).

8. Lagrange multipliers.

The method of Lagrange multipliers provides a strategy for finding the maximum and mini-
mum of a function subject to constraints. We consider a problem of the type

Maximize f(x) subject to g(x) = k,

where x ∈ IR2 or x ∈ IR3.
Assume that these extreme values exist. The method of Lagrange multipliers then says that
we need to find all points x and λ ∈ IR such that

∇f(x) = λ∇g(x) and g(x) = k

and evaluate the function f at all such points x. The biggest value is the maximum of f , the
smallest the minimum.
Proof: (For x ∈ IR2.)

Example. Find maximum and minimum value of f(x, y) = xy on the curve x2

8 + y2

2 = 1.

Exercises. Lab 4

1) Find local maximum, minimum and saddle points for f(x, y) = 6x2 − 2x3 + 3y2 + 6xy.
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2) Find local maximum, minimum and saddle points for f(x, y) = 4xy − x4 − y4.

3) Find two numbers a ≤ b such that
∫ b

a
(6 − x − x2) dx has largest value. Find a geometrical

interpretation of the problem.

4) Find absolute extrema of f(x, y) = x2 + xy + y2 − 6x + 2 on the rectangle 0 ≤ x ≤ 5,
−3 ≤ y ≤ 0.

5) The temperature of a heated plate is given by T (x, y) = 4x2 − 4xy+ y2. A bug walks on the
plate along a circle centered at (0, 0) with radius 5. Find the coordinates of the hottest and
coldest points reached by the bug and the temperature there.

6) Find the points on xy2 = 54 nearest to the origin.
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